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UNCONDITIONAL ENERGY STABLE HYBRID IEQ-FEMS FOR

THE CAHN-HILLIARD-NAVIER-STOKES EQUATIONS

YAOYAO CHEN, DONGQIAN LI, YIN YANG*, AND PEIMENG YIN

Abstract. We investigate two unconditionally energy stable invariant energy quadratization
(IEQ) finite element methods (FEMs) [Chen et al. Numerical Algorithms, 99:1161-1202, 2025] for

solving the Cahn-Hilliard-Navier-Stokes (CHNS) equations. The time discretization of these IEQ-
FEMs is based on the first- and second-order backward differentiation methods. The auxiliary
energy function introduced by the IEQ approach, modeling the square root of the nonlinear part
of the energy, does not belong to the finite element space used for the spatial discretization.

These methods offer distinct advantages. Consequently, we propose a new hybrid IEQ-FEM
that combines the strengths of both schemes, offering computational efficiency and unconditional
energy stability in the finite element space. We provide rigorous proofs of mass conservation and
energy dissipation for the proposed IEQ-FEMs. Several numerical experiments are presented to

validate the accuracy, efficiency, and solution properties of the proposed method.
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1. Introduction

This paper focuses on the development of unconditionally energy-stable finite
element methods (FEMs) based on the invariant energy quadratization (IEQ) ap-
proach for solving the Cahn-Hilliard-Navier-Stokes (CHNS) problem [20, 27]

∂tϕ+∇ · (uϕ)− γ∆w = 0 in Ω× (0, T ],(1a)

w + λ (∆ϕ− f (ϕ)) = 0 in Ω× (0, T ],(1b)

∂tu− µ∆u+ (u · ∇)u+∇p+ ϕ∇w = 0 in Ω× (0, T ],(1c)

∇ · u = 0 in Ω× (0, T ],(1d)

u = 0,
∂ϕ

∂ν
= 0,

∂w

∂ν
= 0 on ∂Ω× (0, T ],(1e)

u (·, 0) = u0, ϕ (·, 0) = ϕ0 in Ω,(1f)

where Ω ⊆ Rd(d = 2, 3) is a bounded domain, and ν represents the unit outward
normal vector on the boundary ∂Ω. Here, γ is a mobility constant related to the
relaxation time scale, µ denotes the viscosity, and λ represents the magnitude of
the mixing energy. u and p denote the velocity field and pressure, respectively. ϕ
represents the phase field variable, where ϕ = ±1 corresponds to two different fluids,
and w is the chemical potential. The nonlinear term f(ϕ) = F

′
(ϕ), where F (ϕ)

represents the nonlinear bulk potential. The Dirichlet boundary conditions are
imposed on the velocity field u, while Neumann boundary conditions are applied to
the phase field ϕ and potential w, as specified in (1e). One of well-known potentials
is the double well potential

(2) F (ϕ) =
1

4ϵ2
(ϕ2 − 1)2,
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where the parameter ϵ > 0. The CHNS equations (1) is endowed with energy
dissipation law

(3)
d

dt
E (ϕ,u) = −

∫
Ω

(
µ|∇u|2 + γ|∇w|2

)
dx ≤ 0,

with the total energy E (ϕ,u) =
∫
Ω

(
λ
2 |∇ϕ|

2
+ λF (ϕ) + 1

2 |u|
2
)
dx.

The physical phenomena captured by the two-phase flow model frequently occur
in nature and various industrial processes [42]. Over the past few decades, the
CHNS equations and its modifications have been applied to numerous situations,
such as the solidification of liquid metal alloys [24], and the simulation of bubble
dynamics [23].

There are many challenges in developing efficient and easy-to-implement numeri-
cal schemes for solving the phase-field CHNS equations. A key difficulty arises from
the higher-order derivatives in the Cahn-Hilliard (CH) equations. One approach to
address this is the use of the mixed methods, which reformulates the fourth-order
phase field problem into a lower-order system, making it more amenable to numer-
ical approximation. In recent years, several numerical schemes have been actively
designed and applied to solve the CH equation or CHNS equations, including the
FEMs [3, 6, 7], finite difference methods (FDMs) [40, 41], and spectral methods
[4, 27, 33, 34, 38].

Another significant challenge is handling nonlinear terms, including the convec-
tion term (u · ∇)u, the coupling term ϕ∇w in the NS equation, and the convection
term ∇ · (uϕ) in the CH equation. For these terms, explicit-implicit methods are
commonly used [34], and the projection method is applied to enforce a divergence-
free velocity field [10, 25]. Additionally, efficiently managing the nonlinear term
f(ϕ) in the CH equation poses another challenge. This term is often addressed us-
ing various techniques, such as the convex-splitting method [1, 13], the stabilization
method [5, 27, 30], the IEQ approach [8, 18, 34, 35], the scalar auxiliary variable
(SAV) approach [17, 26, 29, 41], and other related methods based on IEQ or SAV
apparoach [3, 4, 21, 37, 38].

FEMs offer flexibility, accuracy, and the ability to handle complex geometries,
nonlinearities, and multi-physics systems, making them widely used for solving the
CHNS equations [3, 6, 31]. A straightforward idea for combining the IEQ approach
with FEMs is to discretize the auxiliary variable introduced by IEQ directly within
the finite element space. However, this leads to a scheme that is computationally
expensive due to the need to invert the mass matrix [8]. The choice of function
space for the auxiliary variable plays a crucial role in both computational efficiency
and, in some cases, the physical fidelity of the numerical solution. Comparative s-
tudies on various IEQ-FEM schemes for the CahnHilliard and AllenCahn equations
were carried out in [8], identifying two efficient approaches. In the first approach,
the intermediate function is constrained to the continuous function space C0(Ω),
which enables efficient computation. However, because the computed energy can-
not be directly evaluated in C0(Ω), it must be interpolated into the finite element
space. This may result in non-monotonic energy decay and potentially nonphysical
behavior, despite the method’s efficiency. The second approach computes the inter-
mediate function in C0(Ω) and then projects it into the finite element space. This
projection ensures that the discrete energy law is unconditionally satisfied, albeit
at the expense of additional computational cost. Motivated by these two meth-
ods, we extend them to the CHNS system and propose a novel hybrid IEQ-FEM
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scheme that combines their strengthsachieving both computational efficiency and
unconditional energy stability.

Solving the CHNS equations using the IEQ approach within the finite elemen-
t method framework has not been thoroughly explored in the literature. In this
work, we study several IEQ-FEMs for solving the CHNS equations. Specifically,
we introduce two initial types of IEQ-FEMs, where the intermediate function is
either in the combination of the polynomial space and the continuous function s-
pace, or only continuous function space. In the method where the intermediate
function is in the combination of the polynomial space and the continuous func-
tion space, the function is first computed in the continuous function space C0(Ω)
and then projected onto the finite element space. This approach ensures that the
numerical solutions are unconditionally energy-stable. The second method situates
the intermediate function directly in the continuous function space C0(Ω) rather
than the finite element space. Since the intermediate function does not lie in the
finite element space, the computed energy cannot be exactly evaluated in C0(Ω)
and must instead be interpolated within the finite element space. However, due
to interpolation errors, the computed energy may not consistently exhibit decay,
potentially leading to nonphysical solutions [8]. Nonetheless, conditional energy
decay in finite element space can still be achieved.

Building on these, we propose a hybrid IEQ-FEM that begins with the IEQ-FEM
with the intermediate function in the continuous function space. If the computed
energy fails to exhibit dissipation, the scheme switches to the IEQ-FEM with projec-
tion onto the finite element space. This hybrid IEQ-FEM combines the advantages
of both earlier methods: computational efficiency and unconditional energy stabil-
ity in finite element space. Additionally, the phase field and velocity variables are
approximated using piecewise quadratic finite elements, while the pressure variable
is approximated by using piecewise linear finite elements. For time discretization,
we apply first-order and second-order backward differentiation methods.

The rest of the paper is organized as follows. In Section 2, we first introduce
the semi-discrete FEM for the CHNS equations, followed by an equivalent PDE
system reformulated using the IEQ approach. In Section 3, we construct first-
and second-order fully discrete IEQ-FEM schemes for the CHNS equations with an
intermediate function in different function spaces. We rigorously prove the exis-
tence and uniqueness of the numerical solutions, along with the energy dissipation
property. In Section 4, we present several numerical examples to demonstrate the
effectiveness of the proposed schemes in solving the CHNS equations.

2. IEQ-FEMs for the CHNS Equations

In this section, we present the IEQ-FEMs for the CHNS equations (1). We
begin by introducing the notations that will be used throughout the paper. Let

α = (α1, . . . , αd) ∈ Zd
≥0 be a multi-index with ∂α := ∂α1

1 · · · ∂αd
xd

and |α| :=
∑d

i=1 αi.

The Sobolev space Hm(Ω), m ≥ 0, consists of functions whose derivatives, corre-
sponding to the multi-index α, are square integrable. Denote by H1

0 (Ω) ⊂ H1(Ω)
the subspace consisting of functions with zero trace on the boundary ∂Ω. Let
L2(Ω) := H0(Ω), and let L2

0(Ω) be the subset of L2(Ω) consisting of functions
with zero average. For s ≥ 0, (Hs(Ω))d represents the vector space, such that
v = (v1, . . . , vd)

⊤ ∈ (Hs(Ω))d represents vi ∈ Hs(Ω), i = 1, . . . , d, where ⊤ is the
transposition of a matrix or a vector.

Let Th be a regular shape partition of Ω, with each K ∈ Th being a quasi-uniform
element in the finite element mesh Th. The diameter of each element K is denoted
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by h := max{hK |hK = diam(K),K ∈ Th}. Define Yh as a finite dimensional
subspace of H1(Ω), and Xh ×Mh ⊂ (H1

0 (Ω))
d × L2

0(Ω) as a pair of mixed finite
element spaces, which satisfies the following inf -sup condition:

(4) inf
q∈Mh

sup
v∈Xh

(
B⊤q,v

)
∥v∥H1(Ω)∥q∥L2(Ω)

≥ β∗,

where β∗ > 0 is a constant, and the operator B⊤ : Mh → Xh is the transpose of
the discrete divergence operator B : Xh → Mh. For every pair (v,Φ) ∈ Xh ×Mh,
it holds

(Bv,Φ) = (v,B⊤Φ) = −(∇ · v,Φ).
Let Vh be a finite-dimensional subspace of (L2(Ω))d. We assume either that Vh

is conformal in Hdiv
0 (Ω) or that Mh is conformal in H1(Ω). In this work, following

[2, 11], we choose the finite element spaces as

Xh= Vh =
{
vh ∈

(
C0
(
Ω̄
))d ∩ (H1

0 (Ω)
)d
;vh |K ∈ (P2 (K))

d
}
,

Mh =
{
ϕh ∈ C0(Ω̄) ∩ L2

0(Ω);ϕh |K ∈ P1 (K)
}
,

Yh =
{
ψ ∈ C0

(
Ω̄
)
;ψh |K ∈ P2 (K)

}
.

2.1. The semi-discrete FEM for the CHNS equations. The semi-discrete
finite element scheme for the CHNS equations (1) is to find (ϕh, wh,uh, ph) ∈
Yh × Yh ×Xh ×Mh such that

(∂tϕh, φ)− (uhϕh,∇φ)− γ (∇wh,∇φ) = 0, ∀φ ∈ Yh,(5a)

(wh, ψ)− λ (∇ϕh,∇ψ)− λ (f (ϕh) , ψ) = 0, ∀ψ ∈ Yh,(5b)

(∂tuh,v) + µ (∇uh,∇v) + ((uh · ∇)uh,v) + (∇ph,v) + (ϕh∇wh,v) = 0, ∀v ∈ Xh,

(5c)

(∇ · uh, q) = 0, ∀q ∈Mh.(5d)

Here and in what follows, we denote by Π and Π the L2 projection operators for
scalar-valued and vector-valued functions, respectively. For any ϕ ∈ L2(Ω) and
u ∈ (L2(Ω))d, the projections Πϕ ∈ Yh and Πu ∈ Xh are defined by∫

Ω

(Πϕ(x)− ϕ(x))φdx = 0, ∀φ ∈ Yh,(6a) ∫
Ω

(Πu(x)− u(x)) · v dx = 0, ∀v ∈ Xh.(6b)

The initial conditions for the semi-discrete finite element scheme (5) are given by

(7) uh (·, 0) = Πu0, ϕh (·, 0) = Πϕ0.

We introduce the discrete free energy

(8) E (ϕh,uh) =

∫
Ω

(
1

2
|uh|2 +

λ

2
|∇ϕh|2 + λF (ϕh)

)
dx.

Then the following results hold.

Lemma 2.1. The semi-discrete finite element scheme (5) conserves the total mass

(9)
d

dt

∫
Ω

ϕhdx = 0,

and the solution satisfies the energy dissipation law

(10)
d

dt
E (ϕh,uh) = −

∫
Ω

(
µ|∇uh|2 + γ|∇wh|2

)
dx ≤ 0.
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2.2. The IEQ reformulation. Note that the potential F (ϕh) is uniformly bound-
ed from below. The IEQ approach [32] transforms F (ϕh) into a quadratic form
through an intermediate function

U =
√
F (ϕh) +B,

where B is a constant to ensure F (ϕh) +B > 0. Consequently, the free energy (8)
becomes

(11) E (ϕh,uh, U) =

∫
Ω

(
1

2
|uh|2 +

λ

2
|∇ϕh|2 + λU2

)
dx− λB|Ω|.

By using the intermediate function U , the nonlinear term F
′
(ϕh) is substituted by

F
′
(ϕh) = H (ϕh)U,

where

H (ν) =
F

′
(ν)√

F (ν) +B
.

The update of U is governed by

(12) ∂tU =
1

2
H(ϕh)∂tϕh,

which is an ordinary differential equation for U , subject to the initial data

(13) U(x, 0) =
√
F (ϕ0(x)) +B.

With the IEQ approach, the semi-discrete finite element scheme (5) can be refor-
mulated as the following semi-discrete IEQ-FEM scheme

(∂tϕh, φ)− (uhϕh,∇φ)− γ (∇wh,∇φ) =0, ∀φ ∈ Yh,(14a)

(wh, ψ)− λ (∇ϕh,∇ψ)− λ (H (ϕh)U,ψ) =0, ∀ψ ∈ Yh,(14b)

(∂tuh,v) + µ (∇uh,∇v) + ((uh · ∇)uh,v) + (∇ph,v) + (ϕh∇wh,v) =0, ∀v ∈ Xh,

(14c)

(∇ · uh, q) =0, ∀q ∈Mh,(14d)

∂tU =
1

2
H(ϕh)∂tϕh.(14e)

Then the following results hold.

Lemma 2.2. The semi-discrete IEQ-FEM scheme (14) conserves the total mass

(15)
d

dt

∫
Ω

ϕhdx = 0,

and the solution satisfies the energy dissipation law

(16)
d

dt
E (ϕh,uh, U) = −

∫
Ω

(
µ|∇uh|2 + γ|∇wh|2

)
dx ≤ 0.

Proof. Choosing φ = 1 in (14a) gives the total mass conservation (15). From (14e),
it follows

(17) (H(ϕh)U, ∂tϕh) = (U,H(ϕh)∂tϕh) = 2(U, ∂tU) = ∂t∥U∥2.

By setting φ = −wh in (14a), ψ = ∂tϕh in (14b), and v = uh in (14c), the
summation of (14a), (14b), and (14c) together with (17) yields (16). �
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3. Fully discrete schemes

The main purpose of this section is to present the IEQ-FEM fully discrete
schemes, where the spatial discretization is based on the finite element method, and
the first- and second-order backward differentiation (BDF1 and BDF2 for short)
are applied for the temporal discretization.

We consider a partition 0 = t0 < t1 < · · · < tN = T of [0, T ], the (n + 1)-
th subinterval is defined as In+1 := (tn, tn+1], and the corresponding time step
τn+1 := tn+1 − tn, n = 0, . . . , N − 1. For simplicity, we assume the time step
τn = τ > 0 is a constant. For any given (vector) function v(x, t) and n ≥ 0, we
denote vn := v(x, tn) or v

n
h the approximation of v(x, t) at tn.

3.1. first-order fully discrete schemes. In this section, we first introduce two
types of first-order fully discrete IEQ-FEM schemes for the CHNS equations, where
the intermediate function U in the semi-discrete IEQ-FEM scheme (14) is positioned
in either the polynomial space or the continuous function space. We then propose
a new method that combines both of these schemes.

3.1.1. P-BDF1 scheme. To design a first-order, fully decoupled, and fully dis-
crete IEQ-FEM scheme, we apply a splitting strategy to the CHNS problem (1).
Following the idea in [12], the pressure p in (1c) can be computed separately from
the velocity field u. Assume that w, and ϕ has been computed. First, if an approx-
imation p(= p̃) of pressure is available, we can directly solve for u from

(18) ∂tu− µ∆u+ (u · ∇)u+∇p̃+ ϕ∇w = 0.

Note that u from (18) is not necessarily divergence-free. Second, if u is known,
the pressure p can be recovered by testing (1c) with ∇q. Using (∂tu,∇q) = −(∇ ·
∂tu, q) = 0 yields

(19) (∇p,∇q) = (µ∆u− (u · ∇)u− ϕ∇w,∇q) , ∀q ∈ H1(Ω),

which corresponds to the relation

(20) ∇p̄ := µ∆u− (u · ∇)u− ϕ∇w.

Observe that the true pressure p in (1c) satisfies

(21) ∇p = −∂tu+ µ∆u− (u · ∇)u− ϕ∇w.

Subtracting (20) from (21) yields

(22) ∂tu+∇(p− p̄) = 0,

so enforcing the incompressible condition (1d) on (22) provides a corrected (divergence-
free) pair (u, p) that serves as an alternative solution to (1c).

Hence, the solution (u, p) at tn+1 to the NS equation (1c) can be approximated
from the following first-order splitting scheme:

∂tũ− µ∆ũ+ (ũ · ∇) ũ+∇pn + ϕ∇w = 0, ũ(x, tn) = un,(23a)

∂tu+∇(p− pn) = 0, u(x, tn) = ũ(x, tn+1).(23b)

Here, we slightly abuse the notation un in (23a) and u(x, tn) in (23b). Although
they should be identical in meaning, un in (23a) denotes the velocity obtained from
the previous time step, while u(x, tn) in (23b) represents the initial condition of the
current subproblem at time tn. Here, the first substep (23a) advances an intermedi-
ate velocity ũ using the known pressure pn, while the second substep (23b) updates
the pressure and corrects the velocity field to enforce the incompressible condition
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(1d). The intermediate velocity ũ is generally not divergence-free, whereas the
corrected velocity u at tn+1 satisfies ∇ · u = 0.

The first-order fully discrete IEQ-FEM for (1) with (1c) split by (23) is now ready
to present. We first project the intermediate function Un onto the polynomial space
Yh. Given (ϕnh,u

n
h) ∈ Yh × Vh and Un ∈ C0(Ω), the P-BDF1 scheme is to find

(ϕn+1
h , wn+1

h , ũn+1
h ,un+1

h , pn+1
h ) ∈ Yh × Yh × Xh × Vh ×Mh and Un+1 ∈ C0(Ω),

ûn+1 ∈ (L2(Ω))d such that(
ϕn+1
h − ϕnh

τ
, φh

)
−
(
ûn+1ϕnh,∇φh

)
+ γa

(
wn+1

h , φh

)
= 0, ∀φh ∈ Yh,(24a) (

wn+1
h , ψh

)
− λa

(
ϕn+1
h , ψh

)
− λ

(
H (ϕnh)U

n+1, ψh

)
= 0, ∀ψh ∈ Yh,(24b)

ûn+1 = un
h − τϕnh∇wn+1

h ,(24c)

(Un
h , µh) = (Un, µh) , ∀µh ∈ Yh,(24d)

Un+1 = Un
h +

1

2
H (ϕnh)

(
ϕn+1
h − ϕnh

)
,(24e)

(25)(
ũn+1
h − un

h

τ
,vh

)
+ µã

(
ũn+1
h ,vh

)
+ b

(
un
h, ũ

n+1
h ,vh

)
− (pnh,∇ · vh)

+
(
ϕnh∇wn+1

h ,vh

)
= 0, ∀vh ∈ Xh,

and

(26)

(
un+1
h − ũn+1

h

τ
, χh

)
−
((
pn+1
h − pnh

)
,∇ · χh

)
= 0, ∀χh ∈ Vh,(

∇ · un+1
h , qh

)
= 0, ∀qh ∈Mh,

where

(27)

a(w, ϕ) = (∇w,∇ϕ), ∀w, ϕ ∈ H1(Ω),

ã(u,v) = (∇u,∇v), ∀u,v ∈ (H1(Ω))d,

b (u,v,w) = ((u · ∇)v,w) +
1

2
((∇ · u)v,w), ∀u,v,w ∈ (H1(Ω))d.

The initial data (ϕ0h,u
0
h, U

0) is given by (7) and (13).

Remark 3.1. In the P-BDF1 scheme, the projection step (24d) represents an L2

projection, while (26) corresponds to the projection step used in the Navier-Stokes
equations. The latter realizes the identity un+1

h = PH ũn+1
h , where the operator

PH : Xh → ker(B) [11]. To avoid ambiguity, we will distinguish these two types of
projection by explicitly referencing their equation numbers throughout the remain-
der of this article.

Remark 3.2. For the P-BDF1 scheme (24)-(26), given (ϕnh, w
n
h , U

n,un
h, p

n
h), we first

compute Un
h from the projection step in equation (24d). ûn+1 ∈ (L2(Ω))d in (24a) is

an intermediate function containing a stabilization term, and itself is not computed
in the algorithm. (ϕn+1

h , wn+1
h ) is obtained by solving the linear system formed by

equations (24a) and (24b), with the substitutions from equations (24c) and (24e),
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respectively

(
ϕn+1
h − ϕnh

τ
, φh

)
− (un

hϕ
n
h,∇φh) + τ

(
(ϕnh)

2∇wn+1
h ,∇φh

)
+ γa

(
wn+1

h , φh

)
= 0,

(28)

(
wn+1

h , ψh

)
− λa(ϕn+1

h , ψh) = λ (H(ϕnh)U
n
h , ψh) +

1

2
λ
(
H(ϕnh)

2(ϕn+1
h − ϕnh), ψh

)
,

(29)

where each term in (28)-(29) can be computed by using Gaussian quadrature, which
is equivalent to the process of L2 projection. Then, we update Un+1 from (24e). For
the Navier-Stokes part, the intermediate velocity ũn+1

h is computed from (25), fol-

lowed by the projection step (26) to obtain (un+1
h , pn+1

h ). All resulting subproblems
are linear systems, which can be solved by appropriate linear solvers.

Remark 3.3. Although the original Cahn–Hilliard equation contains a fourth-order
differential operator, we reduce its order by introducing an auxiliary variable w.
This reformulation converts the fourth-order equation into a system of two cou-
pled second-order equations, thereby avoiding the challenges of directly discretizing
fourth-order terms and allowing the use of C0 finite elements.

Remark 3.4. The proposed methods and their analysis are applicable to other
boundary conditions, such as nonhomogeneous mixed Dirichlet-Neumann boundary
conditions and the periodic boundary conditions [14, 38]. For the nonhomogeneous
Neumann boundary condition, assume that the phase field variables ϕ and w satisfy
∂ϕ
∂ν = ϕN ,

∂w
∂ν = wN . Applying the integration-by-parts formula, we reformulate

Eqs. (24a)-(24b) in the P-BDF1 scheme as follows(
ϕn+1
h − ϕnh

τ
, φh

)
− (un

hϕ
n
h,∇φh) + τ

(
(ϕnh)

2∇wn+1
h ,∇φh

)
+ γa

(
wn+1

h , φh

)
− γ(wn+1

N , φh)∂Ω = 0,(
wn+1

h , ψh

)
− λa(ϕn+1

h , ψh) + λ(ϕn+1
N , ψh)∂Ω = λ (H(ϕnh)U

n
h , ψh)

+
1

2
λ
(
H(ϕnh)

2(ϕn+1
h − ϕnh), ψh

)
,

where (p, q)∂Ω =
∫
∂Ω
pqds. Similarly, the proposed methods can be adapted to han-

dle nonhomogeneous Dirichlet boundary conditions and periodic boundary condi-
tions by modifying the finite element spaces and enforcing the prescribed boundary
values appropriately. It is worth noting that the types of the boundary condition
does not affect the ODE (12) or its discrete forms, as they depend only on the
initial data.

Lemma 3.5. [6] The bilinear form b (un
h, ·, ·) in the fully discrete scheme (24)-(26)

is skew symmetric. Especially, it holds that

(30) b
(
un
h, ũ

n+1
h , ũn+1

h

)
= 0, ∀ũn+1

h ∈ Xh.

Lemma 3.6. The solution of (24)-(26) conserves the total mass

(31)

∫
Ω

ϕn+1
h dx =

∫
Ω

ϕ0hdx.

Proof. Taking φh = 1 in (24a) yields the conservation of total mass. �

For scheme (24)-(26), we establish the following result.
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Theorem 3.7. The P-BDF1 scheme (24)-(26) admits a unique solution set

(ϕn+1
h , wn+1

h ,un+1
h , pn+1

h ) ∈ Yh × Yh ×Vh ×Mh,

and Un+1 ∈ C0(Ω).

Proof. Since equations (24)(26) constitute a finite-dimensional linear system, the
existence of a solution is equivalent to its uniqueness. Now, assume that the
linear system (24)(26) has two solutions, and denote their difference at tn+1 by
(δϕn+1

h , δwn+1
h , δûn+1

h , δũn+1
h , δun+1

h , δpn+1
h ), then it follows

1

τ

(
δϕn+1

h , φh

)
−
(
δûn+1

h ϕnh,∇φh

)
+ γa

(
δwn+1

h , φh

)
= 0, ∀φh ∈ Yh,(32a) (

δwn+1
h , ψh

)
− λa

(
δϕn+1

h , ψh

)
− λ

2

(
H2 (ϕnh) δϕ

n+1
h , ψh

)
= 0, ∀ψh ∈ Yh,(32b)

δûn+1 = −τϕnh∇δwn+1
h .(32c)

Taking φh = τδwn+1
h , ψh = δϕn+1

h in (32a) and (32b), respectively, multiplying
both sides of equation (32c) by δûn+1, and summing them up yields

(33) τγ|δwn+1
h |2H1(Ω) + λ|δϕn+1

h |2H1(Ω) +
λ

2

∥∥H(ϕnh)δϕ
n+1
h

∥∥2 + ∥∥δûn+1
∥∥2 = 0,

which implies δûn+1 = 0 and δwn+1
h = δϕn+1

h = Constant. Then, plugging them

into (32a) and (32b) leads to
(
δϕn+1

h , φh

)
=
(
δwn+1

h , ψh

)
= 0, ∀φh, ψh ∈ Yh, which

implies δwn+1
h = δϕn+1

h = 0.
We note that Un+1 is determined by the known variables ϕnh, U

n
h and the unique

solution ϕn+1
h , and is therefore unique. δũn+1

h satisfies

(34)
1

τ

(
δũn+1

h ,vh

)
+ µã

(
δũn+1

h ,vh

)
+ b

(
un
h, δũ

n+1
h ,vh

)
= 0, ∀vh ∈ Xh.

Taking vh = δũn+1
h and using Lemma 3.5, we obtain∥∥δũn+1

h

∥∥2 = 0,

namely,
δũn+1

h = 0.

Finally, the variable δun+1
h satisfies the following equations:

(35)

(
δun+1

h , χh

)
−
(
(δpn+1

h ),∇ · χh

)
= 0, ∀χh ∈ Vh,(

∇ · (δun+1
h ), qh

)
= 0, ∀qh ∈Mh.

Taking χh = δun+1
h and qh = δpn+1

h in (35) yield
∥∥δũn+1

h

∥∥2 = 0, namely, δũn+1
h = 0,

which together with the first equation in (35) and inf-sup condition (4) further
implies ∇(δpn+1

h ) = 0. �

Theorem 3.8. For the CHNS equations (1), the P-BDF1 scheme (24)-(26) is
unconditionally energy stable and satisfies the following modified discrete energy
law:
(36)
E
(
ϕn+1
h ,un+1

h , Un+1
h , pn+1

h

)
≤ E

(
ϕn+1
h ,un+1

h , Un+1, pn+1
h

)
= E (ϕnh,u

n
h, U

n
h , p

n
h)− τγ

∥∥∇wn+1
h

∥∥2 − τµ
∥∥∇ũn+1

h

∥∥2
− λ

2

∥∥∇ (ϕn+1
h − ϕnh

)∥∥2 − λ
∥∥Un+1 − Un

h

∥∥2
− 1

2

∥∥ûn+1 − un
h

∥∥2 − 1

2

∥∥ũn+1
h − ûn+1

∥∥2,
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where

E
(
ϕn+1
h ,un+1

h , Un+1
h , pn+1

h

)
= E

(
ϕn+1
h ,un+1

h , Un+1
h

)
+
τ2

2

∥∥∇pn+1
h

∥∥ ,
and E

(
ϕn+1
h ,un+1

h , Un+1
)
is defined in equation (11).

Proof. Step 1: Taking φh = τwn+1
h ∈ Yh in (24a), ψh = −

(
ϕn+1
h − ϕnh

)
∈ Yh in

(24b), vh = τ ũn+1
h ∈ Xh in (25) give

(37)

(
ϕn+1
h − ϕnh, w

n+1
h

)
+ τ

(
∇ ·
(
ûn+1ϕnh

)
, wn+1

h

)
+ τγa

(
wn+1

h , wn+1
h

)
= 0,

−
(
wn+1

h , ϕn+1
h − ϕnh

)
+ λa

(
ϕn+1
h , ϕn+1

h − ϕnh
)

+λ
(
H (ϕnh)U

n+1, ϕn+1
h − ϕnh

)
= 0,(

ũn+1
h − un

h, ũ
n+1
h

)
+ τµã

(
ũn+1
h , ũn+1

h

)
−τ
(
pnh,∇ · ũn+1

h

)
+ τ

(
ϕnh∇wn+1

h , ũn+1
h

)
= 0.

The summation of (37) yields

(38)

τ
(
∇ ·
(
ûn+1ϕnh

)
, wn+1

h

)
+ τγ

∥∥∇wn+1
h

∥∥2 + λa
(
ϕn+1
h , ϕn+1

h − ϕnh
)

+λ
(
H (ϕnh)U

n+1, ϕn+1
h − ϕnh

)
+
(
ũn+1
h − un

h, ũ
n+1
h

)
+τµ

∥∥∇ũn+1
h

∥∥2 − τ
(
pnh,∇ · ũn+1

h

)
+ τ

(
ϕnh∇wn+1

h , ũn+1
h

)
= 0.

Upon regrouping, it follows

(39)

−τ
(
ûn+1ϕnh,∇w

n+1
h

)
+ τγ

∥∥∇wn+1
h

∥∥2
+λ

2

(∥∥∇ϕn+1
h

∥∥2 + ∥∥∇ (ϕn+1
h − ϕnh

)∥∥2 − ∥∇ϕnh∥
2
)

+λ
(∥∥Un+1

∥∥2 + ∥∥Un+1 − Un
h

∥∥2 − ∥Un
h ∥

2
)
+
(
ũn+1
h − un

h, ũ
n+1
h

)
+τµ

∥∥∇ũn+1
h

∥∥2 − τ
(
pnh,∇ · ũn+1

h

)
+ τ

(
ϕnh∇w

n+1
h , ũn+1

h

)
= 0.

Step 2: Multiplying (24c) by ũn+1
h and ûn+1, respectively, gives

(40)
(
ûn+1, ũn+1

h

)
=
(
un
h, ũ

n+1
h

)
− τ

(
ϕnh∇wn+1

h , ũn+1
h

)
,

(41)
(
ûn+1, ûn+1

)
=
(
un
h, û

n+1
)
− τ

(
ϕnh∇wn+1

h , ûn+1
)
.

Plugging (40) and (41) into (39) gives

(42)

(
ûn+1 − un

h, û
n+1
)
+ τγ

∥∥∇wn+1
h

∥∥2
+
λ

2

(∥∥∇ϕn+1
h

∥∥2 + ∥∥∇ (ϕn+1
h − ϕnh

)∥∥2 − ∥∇ϕnh∥
2
)

+λ
(∥∥Un+1

∥∥2 + ∥∥Un+1 − Un
h

∥∥2 − ∥Un
h ∥

2
)
+
(
ũn+1
h − un

h, ũ
n+1
h

)
+τµ

∥∥∇ũn+1
h

∥∥2 − τ
(
pnh,∇ · ũn+1

h

)
−
(
ûn+1 − un

h, ũ
n+1
h

)
= 0.

Upon simplification, it follows

(43)

1

2

(∥∥ûn+1
∥∥2 + ∥∥ûn+1 − un

h

∥∥2 − ∥un
h∥

2
)

+
λ

2

(∥∥∇ϕn+1
h

∥∥2 + ∥∥∇ (ϕn+1
h − ϕnh

)∥∥2 − ∥∇ϕnh∥
2
)

+τγ
∥∥∇wn+1

h

∥∥2 + λ
(∥∥Un+1

∥∥2 + ∥∥Un+1 − Un
h

∥∥2 − ∥Un
h ∥

2
)

+
1

2

(∥∥ũn+1
h

∥∥2 + ∥∥ũn+1
h − ûn+1

∥∥2 − ∥∥ûn+1
∥∥2)

+τµ
∥∥∇ũn+1

h

∥∥2 − τ
(
pnh,∇ · ũn+1

h

)
= 0.
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Step 3: Let χh = τ∇pnh, qh = pnh in (26). Then the summation gives

(44) −
(
ũn+1
h ,∇pnh

)
+
τ

2

(∥∥∇pn+1
h

∥∥2 − ∥∥∇ (pn+1
h − pnh

)∥∥2 − ∥∇pnh∥
2
)
= 0.

By plugging (44) into (43) to replace −τ
(
pnh,∇ · ũn+1

h

)
, it holds

(45)

1

2

(∥∥ûn+1
∥∥2 + ∥∥ûn+1 − un

h

∥∥2 − ∥un
h∥

2
)

+
λ

2

(∥∥∇ϕn+1
h

∥∥2 + ∥∥∇ (ϕn+1
h − ϕnh

)∥∥2 − ∥∇ϕnh∥
2
)

+τγ
∥∥∇wn+1

h

∥∥2 + λ
(∥∥Un+1

∥∥2 + ∥∥Un+1 − Un
h

∥∥2 − ∥Un
h ∥

2
)

+
1

2

(∥∥ũn+1
h

∥∥2 + ∥∥ũn+1
h − ûn+1

∥∥2 − ∥∥ûn+1
∥∥2)+ τµ

∥∥∇ũn+1
h

∥∥2
+
τ2

2

(∥∥∇pn+1
h

∥∥2 − ∥∥∇ (pn+1
h − pnh

)∥∥2 − ∥∇pnh∥
2
)
= 0.

Step 4: Further, taking χh as τ
(
un+1
h + ũn+1

h

)
and τ∇

(
pn+1
h − pnh

)
, respectively,

and qh = pn+1
h − pnh in (26), it gives

(46)

(
un+1
h − ũn+1

h ,un+1
h + ũn+1

h

)
+ τ

(
∇
(
pn+1
h − pnh

)
,un+1

h + ũn+1
h

)
= 0,(

un+1
h − ũn+1

h ,∇
(
pn+1
h − pnh

))
+ τ

(
∇
(
pn+1
h − pnh

)
,∇
(
pn+1
h − pnh

))
= 0,(

un+1
h ,∇

(
pn+1
h − pnh

))
= 0.

Summing up (46) gives

(47)
∥∥ũn+1

h

∥∥2 =
∥∥un+1

h

∥∥2 + τ2
∥∥∇ (pn+1

h − pnh
)∥∥2 .

Finally, plugging (47) into (45) yields

(48)

1

2

∥∥un+1
h

∥∥2 + λ

2

∥∥∇ϕn+1
h

∥∥2 + λ
∥∥Un+1

∥∥2 + τ2

2

∥∥∇pn+1
h

∥∥2
+τγ

∥∥∇wn+1
h

∥∥2 + λ

2

∥∥∇ (ϕn+1
h − ϕnh

)∥∥2 + λ
∥∥Un+1 − Un

h

∥∥2
+
1

2

∥∥ûn+1 − un
h

∥∥2 + 1

2

∥∥ũn+1
h − ûn+1

∥∥2 + τµ
∥∥∇ũn+1

h

∥∥2
=

1

2
∥un

h∥
2
+
λ

2
∥∇ϕnh∥

2
+ λ∥Un

h ∥
2
+
τ2

2
∥∇pnh∥

2
,

which establishes the energy stability (36). �

3.1.2. C-BDF1 scheme. An alternative first-order, fully discrete IEQ-FEM schemere-
ferred to as the C-BDF1 schemeis formulated by retaining the intermediate func-
tion Un from the P-BDF1 scheme (24)-(26) in continuous function space C0(Ω).
Specifically, the scheme seeks functions Un+1 ∈ C0(Ω), ûn+1 ∈ (L2(Ω))d, and
(ϕn+1

h , wn+1
h , ũn+1

h , pn+1
h ) ∈ Yh × Yh ×Xh ×Mh such that(

ϕn+1
h − ϕnh

τ
, φh

)
−
((
ûn+1ϕnh

)
,∇φh

)
+ γa

(
wn+1

h , φh

)
= 0, ∀φh ∈ Yh,(49a) (

wn+1
h , ψh

)
− λa

(
ϕn+1
h , ψh

)
− λ

(
H (ϕnh)U

n+1, ψh

)
= 0, ∀ψh ∈ Yh,(49b)

ûn+1 = un
h − τϕnh∇wn+1

h ,(49c)

Un+1 = Un +
1

2
H (ϕnh)

(
ϕn+1
h − ϕnh

)
,(49d)
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(50)(
ũn+1
h − un

h

τ
,vh

)
+ µã

(
ũn+1
h ,vh

)
+ b

(
un
h, ũ

n+1
h ,vh

)
− (pnh,∇ · vh)

+
(
ϕnh∇wn+1

h ,vh

)
= 0, ∀vh ∈ Xh,

and

(51)

(
un+1
h − ũn+1

h

τ
, χh

)
−
((
pn+1
h − pnh

)
,∇ · χh

)
= 0, ∀χh ∈ Vh,(

∇ · un+1
h , qh

)
= 0, ∀qh ∈Mh.

Similar to the P-BDF1 scheme (24)-(26), the initial data set (ϕ0h,u
0
h, U

0) is given
by (7) and (13). Additionally, we have the following result.

Remark 3.9. The main difference between the C-BDF1 scheme (49)–(51) and the
P-BDF1 scheme (24)–(26) lies in equations (49d) and (24e). Specifically, the right-
hand side of (49d) does not enforce the previous-step auxiliary variable Un to lie
in the finite element space.

Theorem 3.10. For the CHNS equations (1), the C-BDF1 scheme (49)-(51) is
unconditionally energy stable and satisfies the following modified discrete energy
law:

(52)

E
(
ϕn+1
h ,un+1

h , Un+1, pn+1
h

)
= E (ϕnh,u

n
h, U

n, pnh)− τγ
∥∥∇wn+1

h

∥∥2 − λ

2

∥∥∇ (ϕn+1
h − ϕnh

)∥∥2
− λ

∥∥Un+1 − Un
∥∥2 − 1

2

∥∥ûn+1 − un
h

∥∥2
− 1

2

∥∥ũn+1
h − ûn+1

∥∥2 − τµ
∥∥∇ũn+1

h

∥∥2 ,
where

E
(
ϕn+1
h ,un+1

h , Un+1, pn+1
h

)
= E

(
ϕn+1
h ,un+1

h , Un+1
)
+
τ2

2

∥∥∇pn+1
h

∥∥ ,
and E

(
ϕn+1
h ,un+1

h , Un+1
)
is defined in equation (11).

The proof of Theorem 3.10 is similar to that of Theorem 3.8.

The C-BDF1 scheme offers a computationally efficient alternative while still
preserving the energy dissipation law (52). However, the exact computation of the
discrete energy E(ϕnh,u

n
h, U

n, pnh) is no longer feasible, since Un /∈ Yh. Instead, the
energy must be approximated by E(ϕnh,u

n
h, U

n
I , p

n
h), where U

n
I ∈ Yh denotes the

interpolation of Un evaluated at Gaussian quadrature points.

Remark 3.11. At each time step, the following identity holds:

(53) E (ϕnh,u
n
h, U

n, pnh) = E (ϕnh,u
n
h, U

n
I , p

n
h) + λ(∥Un∥2 − ∥Un

I ∥2).
Based on this relation (53), the discrete energy dissipation law (52) can be equiva-
lently expressed in terms of the approximated energy as:
(54)
E
(
ϕn+1
h ,un+1

h , Un+1
I , pn+1

h

)
− E (ϕnh,u

n
h, U

n
I , p

n
h)

= −τγ
∥∥∇wn+1

h

∥∥2 − λ

2

∥∥∇ (ϕn+1
h − ϕnh

)∥∥2 − λ
∥∥Un+1 − Un

∥∥2 − 1

2

∥∥ûn+1 − un
h

∥∥2
− 1

2

∥∥ũn+1
h − ûn+1

∥∥2 − τµ
∥∥∇ũn+1

h

∥∥2 + λ(∥Un+1
I ∥2 − ∥Un

I ∥2 − ∥Un+1∥2 + ∥Un∥2).
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However, the decay of the approximated energy may not be guaranteed if the last
term in (54) becomes positive and dominant.

Remark 3.12. The error between the discrete energy E(ϕnh,u
n
h, U

n, pnh) in Theo-
rem 3.10 and the approximated energy E(ϕnh,u

n
h, U

n
I , p

n
h) satisfies

(55) |E (ϕnh,u
n
h, U

n, pnh)− E (ϕnh,u
n
h, U

n
I , p

n
h)| ≤ λ(∥Un∥+ ∥Un

I ∥)(∥Un − Un
I ∥).

where the interpolation error ∥Un − Un
I ∥ may be reduced by refining meshes or

adjusting the constant B to an appropriate larger number [19].

3.1.3. CP-BDF1 scheme. The C-BDF1 scheme is straightforward to implement
and stands out as the most computationally efficient. However, as noted in Re-
mark 3.12, its approximated energy in Vh is only conditionally dissipative. On the
other hand, the P-BDF1 scheme includes an additional projection step compared
to the C-BDF1 scheme, but it ensures unconditional energy dissipation, which can
be directly computed in Vh.

To maintain the advantages of both methods, we design a hybrid CP-BDF1
scheme, which starts with the C-BDF1 scheme and switches to the P-BDF1 scheme
at time tn = t∗ if the approximated energy increases, i.e., E(ϕn+1

h ,un+1
h , Un+1

I , pn+1
h )

> E(ϕnh,u
n
h, U

n
I , p

n
h). The detailed algorithm is presented in Algorithm 1.

Algorithm 1 The CP-BDF1 scheme

1: Start with time step τ , total time T and initial solution (ϕ0h,u
0
h, p

0
h, U

0);
2: Set n = 0 and t0 = 0;
3: Compute the energy E0

h = E
(
ϕ0h,u

0
h, U

0
I , p

0
h

)
;

4: for 0 ≤ n ≤ T
τ do

5: Set tn+1 = tn + τ ;
6: Solve (ϕn+1

h , wn+1
h ,un+1

h , pn+1
h ) and Un+1

I by using the C-BDF1 scheme;

7: Compute the energy En+1
h = E

(
ϕn+1
h ,un+1

h , Un+1
I , pn+1

h

)
;

8: if En+1
h > En

h then
9: Store n∗ = n, (ϕnh, w

n
h ,u

n
h, p

n
h) and U

n
I ;

10: Break;
11: end if
12: n = n+ 1;
13: end for
14: for n∗ ≤ n ≤ T

τ do
15: Set tn+1 = tn + τ ;
16: Compute the L2 projection Un

h of Un
I in the finite element space Yh;

17: Solve (ϕn+1
h , wn+1

h ,un+1
h , pn+1

h ) and Un+1
h by using the P-BDF1 scheme;

18: Compute the energy En+1
h = E

(
ϕn+1
h ,un+1

h , Un+1
h , pn+1

h

)
;

19: n = n+ 1;
20: end for

Theorem 3.13. For n ≥ 0, let En
h be the discrete energy of the solution from the

hybrid CP-BDF1 scheme at tn. Then it holds

(56) En+1
h ≤ En

h ,

where the approximated energy

En
h = E(ϕnh,u

n
h, U

n
I , p

n
h)
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for n ≤ n∗, and

En
h = E(ϕnh,u

n
h, U

n
h , p

n
h)

for n > n∗, where n∗ given in Algorithm 1.

Proof. Algorithm 1 together with Theorem 3.10 and Remark 3.12 implies that (56)
holds for n < n∗, namely

E(ϕn+1
h ,un+1

h , Un+1
I , pn+1

h ) ≤ E(ϕnh,u
n
h, U

n
I , p

n
h).

Theorem 3.8 implies that (56) also holds for n > n∗. To this end, we only need to
prove that (56) holds for n = n∗. Recall that

En∗

h =E(ϕn
∗

h ,un∗

h , Un∗

I , pn
∗

h ),(57)

En∗+1
h =E(ϕn

∗+1
h ,un∗+1

h , Un∗+1
h , pn

∗+1
h ).(58)

Also recall that Un∗+1
h is obtained in the following steps(
Un∗

h , µh

)
=
(
Un∗

I , µh

)
, ∀µh ∈ Yh,(59)

Un∗+1 = Un∗

h +
1

2
H
(
ϕn

∗

h

)(
ϕn

∗+1
h − ϕn

∗

h

)
,(60) (

Un∗+1
h , µh

)
=
(
Un∗+1, µh

)
, ∀µh ∈ Yh.(61)

Here, (59) gives

E(ϕn
∗

h ,un∗

h , Un∗

h , pn
∗

h ) ≤ E(ϕn
∗

h ,un∗

h , Un∗

I , pn
∗

h ).(62)

Similar to Theorem 3.8, (60) and (61) together with scheme (24)-(26) yield

E
(
ϕn

∗+1
h ,un∗+1

h , Un∗+1
h , pn

∗+1
h

)
≤ E

(
ϕn

∗+1
h ,un∗+1

h , Un∗+1, pn
∗+1

h

)
≤ E

(
ϕn

∗

h ,un∗

h , Un∗

h , pn
∗

h

)
.(63)

Finally, (62) and (63) imply that (56) holds n = n∗. �

Remark 3.14. The CP-BDF1 scheme in Algorithm 1 combines the computational
efficiency of the C-BDF1 scheme with the unconditional energy stability of the
P-BDF1 scheme.

3.2. Second order fully discrete schemes.

3.2.1. P-BDF2 scheme. In this subsection, we present the second order fully
discrete IEQ-FEM scheme with intermediate function in polynomial space (P-BDF2
scheme) for the CHNS equations.

Motivated by the techniques for the P-BDF1 scheme, we consider the following
second order fully discrete backward time-differentiation formula (BDF2) for the
CHNS equations by approximating the intermediate function Un+1 ∈ C0(Ω) and
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functions (ϕn+1
h , wn+1

h , ũn+1
h ,un+1

h , pn+1
h ) ∈ Yh × Yh ×Xh ×Vh ×Mh, such that(

3ϕn+1
h − 4ϕnh + ϕn−1

h

2τ
, φh

)
−
((
ũn+1
h ϕn,⋆h

)
,∇φh

)
+γa

(
wn+1

h , φh

)
= 0, ∀φh ∈ Yh,(64a) (

wn+1
h , ψh

)
− λa

(
ϕn+1
h , ψh

)
− λ

(
H
(
ϕn,⋆h

)
Un+1, ψh

)
= 0, ∀ψh ∈ Yh,(64b)(

3ũn+1
h − 4un

h + un−1
h

2τ
,vh

)
+ µã

(
ũn+1
h ,vh

)
+ b

(
un,⋆
h , ũn+1

h ,vh

)
− (pnh,∇ · vh) +

(
ϕn,⋆h ∇wn+1

h ,vh

)
= 0, ∀vh ∈ Xh,(64c)

(Un
h , µh) = (Un, µh) , ∀µh ∈ Yh,(64d)

Un+1 =
4Un

h − Un−1
h

3
+

1

2
H
(
ϕn,⋆h

)(3ϕn+1
h − 4ϕnh + ϕn−1

h

3

)
,

(64e)

and

(65)

(
3un+1

h − 3ũn+1
h

2τ
, χh

)
−
((
pn+1
h − pnh

)
,∇ · χh

)
= 0, ∀χh ∈ Vh,(

∇ · un+1
h , qh

)
= 0, ∀qh ∈Mh,

where vn,⋆h is defined as

vn,⋆h = 2vnh − vn−1
h .

The initial data set (ϕ0h,u
0
h, U

0) is given by (7) and (13), and the first-step values
(ϕ1h,u

1
h, U

1) are obtained by using the P-BDF1 scheme (24)-(26).

Lemma 3.15. [18] For any symmetric bilinear form A(·, ·), it satisfies

(66)

A(ϕ+ ψ, ϕ− ψ) =A(ϕ, ϕ)−A(ψ,ψ),

2A (3ϕ1 − 2ϕ2 − ϕ3, ϕ1) =A (ϕ1, ϕ1) +A (2ϕ1 − ϕ2, 2ϕ1 − ϕ2)−A (ϕ2, ϕ2)

+A (ϕ1 − ϕ3, ϕ1 − ϕ3)−A (ϕ3, ϕ3) ,

where ϕ, ψ, ϕ1, ϕ2, ϕ3 ∈ Vh.

Next, similar to the P-BDF1 scheme (24)-(26), the following result holds for the
P-BDF2 scheme (64)-(65).

Theorem 3.16. The P-BDF2 scheme (64)-(65) satisfies the following energy dis-
sipation law

(67)

Ē
(
ϕn+1
h , ϕn+1,⋆

h ,un+1
h ,un+1,⋆

h , Un+1
h , Un+1,⋆

h , pn+1
h

)
≤ Ē

(
ϕn+1
h , ϕn+1,⋆

h ,un+1
h ,un+1,⋆

h , 2Un+1 − Un
h , p

n+1
h

)
= Ē

(
ϕnh, ϕ

n,⋆
h ,un

h,u
n,⋆
h , Un

h , U
n,⋆
h , pnh

)
− 2τµ

∥∥∇ũn+1
h

∥∥2 − 2τγ
∥∥∇wn+1

h

∥∥2
− λ

2

∥∥∇ (ϕn+1
h − ϕn,⋆h

)∥∥2 − λ
∥∥Un+1 − Un,⋆

h

∥∥2 − 1

2

∥∥un+1
h − un,⋆

h

∥∥2
− 2τ2

3

∥∥∇ (pn+1
h − pnh

)∥∥2,
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where
(68)

Ē
(
ϕnh, ϕ

n,⋆
h ,un

h,u
n,⋆
h , Un

h , U
n,⋆
h , pnh

)
=
λ

2

(
∥∇ϕnh∥

2
+
∥∥∇ϕn,⋆h

∥∥2)
+ λ

(
∥Un

h ∥
2
+
∥∥Un,⋆

h

∥∥2)+ 1

2

(
∥un

h∥
2
+
∥∥un,⋆

h

∥∥2)+ 2τ2

3
∥∇pnh∥

2
.

Proof. Firstly, let φh = 2τwn+1
h , ψh = −

(
3ϕn+1

h − 4ϕnh + ϕn−1
h

)
, vh = 2τ ũn+1

h in
(64a)-(64c), respectively. Then, it follows

(69)

(
3ϕn+1

h − 4ϕnh + ϕn−1
h , wn+1

h

)
+ 2τ

(
∇ ·
(
ũn+1
h ϕn,⋆h

)
, wn+1

h

)
+ 2τγa

(
wn+1

h , wn+1
h

)
= 0,

−
(
wn+1

h , 3ϕn+1
h − 4ϕnh + ϕn−1

h

)
+ λa

(
ϕn+1
h , 3ϕn+1

h − 4ϕnh + ϕn−1
h

)
+ λ

(
H
(
ϕn,⋆h

)
Un+1, 3ϕn+1

h − 4ϕnh + ϕn−1
h

)
= 0,(

3ũn+1
h − 4un

h + un−1
h , ũn+1

h

)
+ 2τµã

(
ũn+1
h , ũn+1

h

)
− 2τ

(
pnh,∇ · ũn+1

h

)
+ 2τ

(
ϕn,⋆h ∇wn+1

h , ũn+1
h

)
= 0.

The summation of (69) with using (64e) upon regrouping gives

(70)

2τγ
∥∥∇wn+1

h

∥∥2 + λa
(
ϕn+1
h , 3ϕn+1

h − 4ϕnh + ϕn−1
h

)
+2λ

(
Un+1, 3Un+1 − 4Un

h + Un−1
h

)
+
(
3un+1

h − 4un
h + un−1

h , ũn+1
h

)
+
(
3ũn+1

h − 3un+1
h , ũn+1

h + un+1
h

)
+2τµ

∥∥∇ũn+1
h

∥∥− 2τ
(
pnh,∇ · ũn+1

h

)
= 0,

where we have used the identity
(
3ũn+1

h − 3un+1
h ,un+1

h

)
= 0, which follows by

choosing χh = 2τun+1
h and qh = 2τ∇(pn+1

h − pnh) in equation (65). Then according
to Lemma 3.15, and

(71)
(
3un+1

h − 4un
h + un−1

h , ũn+1
h

)
=
(
3un+1

h − 4un
h + un−1

h ,un+1
h

)
,

which follows by choosing χh = 2τ(3un+1
h − 4un

h + un−1
h ) in equation (65), it holds

(72)

2τγ
∥∥∇wn+1

h

∥∥2 + 2τµ
∥∥∇ũn+1

h

∥∥2 − 2τ
(
pnh,∇ · ũn+1

h

)
+
λ

2

(∥∥∇ϕn+1
h

∥∥2 + ∥∥∥∇ϕn+1,⋆
h

∥∥∥2 − ∥∇ϕnh∥
2 −

∥∥∇ϕn,⋆h

∥∥2 + ∥∥∇ (ϕn+1
h − ϕn,⋆h

)∥∥2)
+λ
(∥∥Un+1

∥∥2 + ∥∥2Un+1 − Un
h

∥∥2 − ∥Un
h ∥

2 −
∥∥Un,⋆

h

∥∥2 + ∥∥Un+1 − Un,⋆
h

∥∥2)
+
1

2

(∥∥un+1
h

∥∥2 + ∥∥∥un+1,⋆
h

∥∥∥2 − ∥un
h∥

2 −
∥∥un,⋆

h

∥∥2 + ∥∥un+1
h − un,⋆

h

∥∥2)
+3
(∥∥ũn+1

h

∥∥2 − ∥∥un+1
h

∥∥2) = 0,

here the properties of the numerical solution ∇ · um = 0, m = 1, 2, . . . , n + 1 is
applied. Secondly, taking χh, qh as 2τ∇pnh, pnh in (65), respectively, we get

(73)

(
3un+1

h − 3ũn+1
h ,∇pnh

)
+ 2τ

(
∇
(
pn+1
h − pnh

)
,∇pnh

)
= 0,(

un+1
h ,∇pnh

)
= 0,

which can be simplified as

(74) −
(
3ũn+1

h ,∇pnh
)
+ τ

(∥∥∇pn+1
h

∥∥2 − ∥∥∇ (pn+1
h − pnh

)∥∥2 − ∥∇pnh∥
2
)
= 0.
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Plugging (74) into (72) to replace −2τ
(
pnh,∇ · ũn+1

h

)
yields

(75)
λ

2

(∥∥∇ϕn+1
h

∥∥2 + ∥∥∥∇ϕn+1,⋆
h

∥∥∥2 − ∥∇ϕnh∥
2 −

∥∥∇ϕn,⋆h

∥∥2 + ∥∥∇ (ϕn+1
h − ϕn,⋆h

)∥∥2)
+λ
(∥∥Un+1

∥∥2 + ∥∥2Un+1 − Un
h

∥∥2 − ∥Un
h ∥

2 −
∥∥Un,⋆

h

∥∥2 + ∥∥Un+1 − Un,⋆
h

∥∥2)
+
1

2

(∥∥un+1
h

∥∥2 + ∥∥∥un+1,⋆
h

∥∥∥2 − ∥un
h∥

2 −
∥∥un,⋆

h

∥∥2 + ∥∥un+1
h − un,⋆

h

∥∥2)
+3
(∥∥ũn+1

h

∥∥2 − ∥∥un+1
h

∥∥2)+ 2τµ
∥∥∇ũn+1

h

∥∥2 + 2τγ
∥∥∇wn+1

h

∥∥2
+
2τ2

3

(∥∥∇pn+1
h

∥∥2 − ∥∥∇ (pn+1
h − pnh

)∥∥2 − ∥∇pnh∥
2
)
= 0.

Finally, let χh = 2τ
(
un+1
h + ũn+1

h

)
, qh = pn+1

h − pnh in (65). Then,

(76)

(
3un+1

h − 3ũn+1
h ,un+1

h + ũn+1
h

)
+ 2τ

(
∇
(
pn+1
h − pnh

)
,un+1

h + ũn+1
h

)
= 0,(

un+1
h ,∇

(
pn+1
h − pnh

))
= 0,

leading to

(77) 3
∥∥un+1

h

∥∥2 − 3
∥∥ũn+1

h

∥∥2 + 2τ
(
∇
(
pn+1
h − pnh

)
, ũn+1

h

)
= 0.

In addition, taking χh = τ∇
(
pn+1
h − pnh

)
in (65) gives

(78)
(
3un+1

h − 3ũn+1
h ,∇

(
pn+1
h − pnh

))
+ 2τ

(
∇
(
pn+1
h − pnh

)
,∇
(
pn+1
h − pnh

))
= 0.

Upon simplification, it follows

(79)
(
ũn+1
h ,∇

(
pn+1
h − pnh

))
=

2

3
τ
(
∇
(
pn+1
h − pnh

)
,∇
(
pn+1
h − pnh

))
.

Plugging (79) into (77) gives

(80)
∥∥ũn+1

h

∥∥2 − ∥∥un+1
h

∥∥2 =
4

9
τ2
(
∇
(
pn+1
h − pnh

)
,∇
(
pn+1
h − pnh

))
.

By summing (80) with (75),

(81)

λ

2

(∥∥∇ϕn+1
h

∥∥2 + ∥∥∥∇ϕn+1,⋆
h

∥∥∥2)+ λ
(∥∥Un+1

∥∥2 + ∥∥2Un+1 − Un
h

∥∥2)
+
1

2

(∥∥un+1
h

∥∥2 + ∥∥∥un+1,⋆
h

∥∥∥2)+
2τ2

3

∥∥∇pn+1
h

∥∥2
+2τµ

∥∥∇ũn+1
h

∥∥2 + 2τγ
∥∥∇wn+1

h

∥∥2 + λ

2

∥∥∇ (ϕn+1
h − ϕn,⋆h

)∥∥2
+λ
∥∥Un+1 − Un,⋆

h

∥∥2 + 1

2

∥∥un+1
h − un,⋆

h

∥∥2 + 2τ2

3

∥∥∇ (pn+1
h − pnh

)∥∥2
=
λ

2

(
∥∇ϕnh∥

2
+
∥∥∇ϕn,⋆h

∥∥2)+ λ
(
∥Un

h ∥
2
+
∥∥Un,⋆

h

∥∥2)
+
1

2

(
∥un

h∥
2
+
∥∥un,⋆

h

∥∥2)+ 2τ2

3
∥∇pnh∥

2
.

Based on the stability property of the L2 projection,

∥Un+1
h ∥ ≤ ∥Un+1∥,

and the following fact

(2Un+1
h − Un

h , µh) = (2Un+1 − Un
h , µh), ∀µh ∈ Yh

implies the desired result (67). �
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3.2.2. C-BDF2 scheme. We also process with another second-order fully discrete
IEQ-FEM scheme (C-BDF2 scheme) for CHNS equations by approximating the in-
termediate function Un+1 ∈ C0(Ω) and functions (ϕn+1

h , wn+1
h , ũn+1

h ,un+1
h , pn+1

h ) ∈
Yh × Yh ×Xh ×Vh ×Mh, such that(

3ϕn+1
h − 4ϕnh + ϕn−1

h

2τ
, φh

)
−
((
ũn+1
h ϕn,⋆h

)
,∇φh

)
+γa

(
wn+1

h , φh

)
= 0, ∀φh ∈ Yh,(82a) (

wn+1
h , ψh

)
− λa

(
ϕn+1
h , ψh

)
− λ

(
H
(
ϕn,⋆h

)
Un+1, ψh

)
= 0, ∀ψh ∈ Yh,(82b)(

3ũn+1
h − 4un

h + un−1
h

2τ
,vh

)
+ µã

(
ũn+1
h ,vh

)
+ b

(
un,⋆
h , ũn+1

h ,vh

)
− (pnh,∇ · vh) +

(
ϕn,⋆h ∇wn+1

h ,vh

)
= 0, ∀vh ∈ Xh,(82c)

Un+1 =
4Un − Un−1

3
+

1

2
H
(
ϕn,⋆h

)(3ϕn+1
h − 4ϕnh + ϕn−1

h

3

)
,

(82d)

and

(83)

(
3un+1

h − 3ũn+1
h

2τ
, χh

)
−
((
pn+1
h − pnh

)
,∇ · χh

)
= 0, ∀χh ∈ Vh,(

∇ · un+1
h , qh

)
= 0, ∀qh ∈Mh.

Similar to the P-BDF2 scheme, the initial data set (ϕ0h,u
0
h, U

0) is given by (7) and
(13), and the first-step values (ϕ1h,u

1
h, U

1) are obtained using the C-BDF1 scheme
(49)-(51).

Remark 3.17. The C-BDF2 scheme (82)-(83) first solves for (ϕn+1
h , wn+1

h , ũn+1
h )

by computing the coupled system. Compared with the C-BDF1 scheme (49)-(51),
the C-BDF2 requires solving three unknown variables simultaneously, whereas the
C-BDF1 involves at most two, which increases the CPU time.

The following result holds for the C-BDF2 scheme (82)-(83).

Lemma 3.18. The C-BDF2 scheme (82)-(83) satisfies the following energy dissi-
pation law

(84)

Ē
(
ϕn+1
h , ϕn+1,⋆

h ,un+1
h ,un+1,⋆

h , Un+1, Un+1,⋆, pn+1
h

)
=Ē

(
ϕnh, ϕ

n,⋆
h ,un

h,u
n,⋆
h , Un, Un,⋆, pnh

)
− 2τµ

∥∥∇ũn+1
h

∥∥2 − 2τγ
∥∥∇wn+1

h

∥∥2
− λ

2

∥∥∇ (ϕn+1
h − ϕn,⋆h

)∥∥2 − λ
∥∥Un+1 − Un,⋆

∥∥2 − 1

2

∥∥un+1
h − un,⋆

h

∥∥2
− 2τ2

3

∥∥∇ (pn+1
h − pnh

)∥∥2,
where
(85)

Ē
(
ϕnh, ϕ

n,⋆
h ,un

h,u
n,⋆
h , Un, Un,⋆, pnh

)
=
λ

2

(
∥∇ϕnh∥

2
+
∥∥∇ϕn,⋆h

∥∥2)
+ λ

(
∥Un∥2 + ∥Un,⋆∥2

)
+

1

2

(
∥un

h∥
2
+
∥∥un,⋆

h

∥∥2)+ 2τ2

3
∥∇pnh∥

2
,

with the term vn+1,⋆ being defined as

vn+1,⋆ = 2vn+1 − vn.
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Remark 3.19. Similar to the CP-BDF1 scheme proposed in Algorithm 1, we can also
present the CP-BDF2 scheme by combining the C-BDF2 scheme and the P-BDF2
scheme.

Remark 3.20. The numerical solution from the second-order CrankNicolson (CN)
IEQ-FEM shows instability, a phenomenon that has also been observed in the CN-
IEQ-DG method [18, 39] and the CN-IEQ-FEM [8] when solving the CH equation
with logarithmic potential. Additionally, extending the current work to higher-
order time discretizations [16] is a potential direction for future research. The
investigation into these time discretizations, including adaptive time discretizations
[36], in combination with the IEQ-FEMs, will be addressed in our future work.

4. Numerical examples

In this section, we present 2D and 3D numerical examples to validate the the-
oretical results presented in this paper. In implementation, we consider uniform
triangular meshes in 2D, and quasi-uniform tetrahedral meshes in 3D for the fol-
lowing numerical examples. The 2D triangular meshes are mainly generated as
follows: the domain Ω = Ix × Iy is first divided into an Nx × Ny rectangles, each
of which is subdivided into two equal triangles. The mesh size of the triangulation
is identified by either the partition number N = Nx = Ny in each direction or the
mesh size h = hx = hy, where hx = |Ix|/Nx and hy = |Iy|/Ny. 3D tetrahedral
meshes are generated and identified similarly.

4.1. Convergent rates. In this part, we give an example to validate the temporal
and spatial convergence rates of the proposed numerical schemes for the CHNS
equations.

Example 4.1. In the first example, we consider the following CHNS equations

(86)

∂tϕ+∇ · (uϕ)− γ∆w = g(t, x, y), in Ω× (0, T ],

w + λ (∆ϕ− f (ϕ)) = 0, in Ω× (0, T ],

∂tu− µ∆u+ (u · ∇)u+∇p+ ϕ∇w = h(t, x, y), in Ω× (0, T ],

∇ · u = 0, in Ω× (0, T ],

u (·, 0) = u0, ϕ (·, 0) = ϕ0, in Ω× {t = 0} ,

u = 0,
∂ϕ

∂ν
= 0,

∂w

∂ν
= 0, on ∂Ω× (0, T ],

with Ω = [0, 4π]
2
, the exact solution satisfies

(87)

ϕ (t, x, y) = sin (t) cos
(x
2

)
cos
(y
2

)
,

u (t, x, y) =
(
e−

49t
64 sin2

(x
4

)
sin
(y
2

)
,−e− 49t

64 sin
(x
2

)
sin2

(y
4

))⊤
,

p (t, x, y) = cos
(x
2

)
sin
(y
2

)
(1− sin (t)) ,

the parameters ϵ = 1, λ = 1, µ = 1, γ = 1, B = 50, and the corresponding right
terms g(x, t), h(x, t) can be obtained by taking the the exact solution (87) into
(86).

The errors and convergent rates for spatial discretization and temporal discretiza-
tion between the numerical solution and exact solution based on the P-BDF1 scheme
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Table 1. Example 4.1, L2, H1 error and convergent rate of s-
patial discretization for the P-BDF1 scheme (24)-(26) with τ =
10−7, T = 10−5.

∥ϕ− ϕh∥L2 ∥u− uh∥L2 |ϕ− ϕh|H1 |u− uh|H1

N = 4 1.733e-05 −− 2.742e-01 −− 9.544e-05 −− 7.499e-01 −−
N = 8 3.442e-06 2.33 3.672e-02 2.90 2.643e-05 1.85 1.999e-01 1.91
N = 16 5.338e-07 2.69 4.671e-03 2.97 6.710e-06 1.98 5.078e-02 1.98
N = 32 7.275e-08 2.88 5.864e-04 2.99 1.678e-06 2.00 1.275e-02 1.99
N = 64 9.286e-09 2.97 7.340e-05 3.00 4.211e-07 1.99 3.191e-03 2.00

Table 2. Example 4.1, L2, H1 error and convergent rate of
temporal discretization for the P-BDF1 scheme (24)-(26) with
N = 160, T = 2.

∥ϕ− ϕh∥L2 ∥u− uh∥L2 |ϕ− ϕh|H1 |u− uh|H1

τ = 0.04 1.783e-01 −− 5.235e-02 −− 1.478e-01 −− 3.089e-02 −−
τ = 0.02 8.978e-02 0.99 2.633e-02 0.99 7.504e-02 0.98 1.530e-02 1.01
τ = 0.01 4.504e-02 1.00 1.320e-02 1.00 3.781e-02 0.99 7.646e-03 1.00
τ = 0.005 2.256e-02 1.00 6.610e-03 1.00 1.899e-02 0.99 3.839e-03 0.99

Table 3. Example 4.1, L2, H1 error and convergent rate of s-
patial discretization for the P-BDF2 scheme (64)-(65) with τ =
10−7, T = 10−5.

∥ϕ− ϕh∥L2 ∥u− uh∥L2 |ϕ− ϕh|H1 |u− uh|H1

N = 4 1.733e-06 −− 2.743e-01 −− 9.545e-06 −− 7.499e-01 −−
N = 8 3.442e-07 2.33 3.673e-02 2.90 2.648e-06 1.85 1.999e-01 1.91
N = 16 5.313e-08 2.70 4.672e-03 2.97 6.782e-07 1.97 5.079e-02 1.98
N = 32 7.196e-09 2.88 5.866e-04 2.99 1.684e-07 2.01 1.275e-02 1.99
N = 64 9.267e-10 2.96 7.341e-05 3.00 4.211e-08 2.00 3.191e-03 2.00

Table 4. Example 4.1, L2, H1 error and convergent rate of
temporal discretization for the P-BDF2 scheme (64)-(65) with
N = 160, T = 2.

∥ϕ− ϕh∥L2 ∥u− uh∥L2 |ϕ− ϕh|H1 |u− uh|H1

τ = 0.4 7.754e-01 −− 1.585e-01 −− 5.547e-01 −− 1.204e-01 −−
τ = 0.2 2.022e-01 1.94 3.969e-02 2.00 1.455e-01 1.93 3.467e-02 1.80
τ = 0.1 5.051e-02 2.00 1.008e-02 1.98 3.648e-02 2.00 1.103e-02 1.65
τ = 0.05 1.253e-02 2.01 2.551e-03 1.98 9.075e-03 2.01 3.341e-03 1.72

(24)-(26) and P-BDF2 scheme (64)-(65) are shown in Tables 1-4, respectively. From
the Tables, we numerically verify that for the P-BDF1 scheme
(88)∥∥ϕ(tn+1)− ϕn+1

h

∥∥
L2(Ω)

≈ O(h3 + τ),
∥∥u(tn+1)− un+1

h

∥∥
(L2(Ω))2

≈ O(h3 + τ),∣∣ϕ(tn+1)− ϕn+1
h

∣∣
H1(Ω)

≈ O(h2 + τ),
∣∣u(tn+1)− un+1

h

∣∣
(H1(Ω))2

≈ O(h2 + τ),
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Table 5. CPU time for 100 steps calculated using four schemes:
(1) scheme (24)-(26); (2) scheme (64)-(65); (3) scheme (49)-(51);
(4) scheme (82)-(83).

Example 4.2 P scheme C scheme
BDF1 535.0966s 496.5006s
BDF2 2011.748s 1972.774s

and for the P-BDF2 scheme
(89)∥∥ϕ(tn+1)− ϕn+1

h

∥∥
L2(Ω)

≈ O(h3 + τ2),
∥∥u(tn+1)− un+1

h

∥∥
(L2(Ω))2

≈ O(h3 + τ2),∣∣ϕ(tn+1)− ϕn+1
h

∣∣
H1(Ω)

≈ O(h2 + τ2),
∣∣u(tn+1)− un+1

h

∣∣
(H1(Ω))2

≈ O(h2 + τ2),

which are consistent with the expectations.

4.2. Numerical solutions for the CHNS equations. In the following four
examples, we numerically investigate the performance of the proposed IEQ-FEM
schemes for solving the CHNS equations. We conduct the computation by using
schemes (24)-(26) and (64)-(65) separately and present the results as phase fields
and velocity fields. Besides, the energy dissipation and mass conservation phenom-
ena are also displayed.

Example 4.2. [40] In this example, we consider the CHNS equations (1) with the

domain Ω = [0, 1]
2
and the initial condition

(90)

ϕ0 =1− tanh

(
−r +

√
(x− xa)2 + (y − ya)2

2ϵ

)

− tanh

(
−r +

√
(x− xb)2 + (y − yb)2

2ϵ

)
,

u0 = [0, 0]
⊤
,

where xa = 0.5 − r√
2
, ya = 0.5 + r√

2
, xb = 0.5 + r√

2
, yb = 0.5 − r√

2
, r = 0.15.

The parameters are chosen as γ = µ = ϵ = 0.01, λ = 0.01ϵ, B = 100. We set the
partition number N ×N = 128× 128, and time step τ = 5× 10−4 with total time
T = 3.2.

Figures 1-2 show the numerical solution of phase fields ϕn+1
h and velocity fields

un+1
h by using the P-BDF1 scheme (24)-(26) and P-BDF2 scheme (64)-(65). From

the pictures, we can see that the numerical solutions of phase fields and velocity
fields obtained by the two schemes are almost identical. We can see that the
patterns are comparable to those in [40]. The evolution of the discrete energy and
total mass are shown in Figure 3. The results indicate that both two schemes
preserve the total mass and satisfy the energy dissipation law.

Besides, we also compare the CPU time of four classes of schemes: (1) P-BDF1
scheme; (2) P-BDF2 scheme; (3) C-BDF1 scheme; (4) C-BDF2 scheme, and the
corresponding results are shown in Table 5. The results show that the additional
projection step (24d) for BDF1 scheme and (64d) for BDF2 scheme in the CHNS
equations slightly increases the computation time, which is acceptable.

In the following, we further present more examples based on the P-BDF2 scheme
to investigate the performance of the proposed methods.
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Figure 1. Example 4.2, snapshots of numerical solutions for
phase fields function, First and second lines: P-BDF1 scheme (24)-
(26); Third and fourth lines: P-BDF2 scheme (64)-(65).



IEQ-FEMS FOR CHNS EQUATIONS 903

Figure 2. Example 4.2, snapshots of numerical solutions for ve-
locity fields function, First line: P-BDF1 scheme (24)-(26); Second
line: P-BDF2 scheme (64)-(65).

Figure 3. Example 4.2, the modified discrete energy history
and discrete mass variation.
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Example 4.3. In this example, we consider the CHNS equations (1) with the domain

Ω = [−1, 1]
2
and the initial condition

(91)

ϕ0 = tanh
((

(x− 0.3)
2
+ y2 − 0.22

)
/ϵ2
)
× tanh

((
(x+ 0.3)

2
+ y2 − 0.22

)
/ϵ2
)
×

tanh
((
x2 + (y − 0.3)

2 − 0.22
)
/ϵ2
)
× tanh

((
x2 + (y + 0.3)

2 − 0.22
)
/ϵ2
)
,

u0 =
[
sin (πx)

2
sin (2πy) , sin (2πx) sin (πy)

2
]⊤

,

where the parameters ϵ = λ = 0.04, µ = γ = 1, B = 50, the mesh N×N = 80×80,
time step τ = 10−6 and the final time T = 10−1.

Figure 4. Example 4.3, P-BDF2 scheme (64)-(65), snapshots of
numerical solutions for the phase field function.

A sequence snapshots of the approximate solutions for the phase field function
and the velocity field function are produced in Figures 4-5 by the proposed P-BDF2
scheme. It is easy to see the numerical solutions satisfy the expectation. The graphs
depicting the evolution of discrete energy and change of total mass for Example 4.3
are presented in Figure 6. As illustrated, the discrete energy decreases over time
and the variation in mass approaches machine precision.

Example 4.4. Let domain Ω = [−2, 2]
2
, define m1 = [0, 2] , m2 = [0, 0] , m3 =

[0,−2]. For given ϵ = 1
16 , let r1 = r3 = 2 − 3ϵ

2 , r2 = 1 and set d (x) =
max {−d1 (x) , d2 (x) , d3 (x)}, dj (x) = |x−mj | − rj for j = 1, 2, 3, we consider
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Figure 5. Example 4.3, P-BDF2 scheme (64)-(65), snapshots of
numerical solutions for the velocity field function.

Figure 6. Example 4.3, the modified discrete energy history
and the change of total mass.

the CHNS equations (1) with the following initial condition

(92)
ϕ0 = − tanh

(
d (x)√
2ϵ

)
,

u0 = C
[
sin (πx)

2
sin (2πy) sin (2πx) sin (πy)

2
]⊤

,

here the parameters µ = γ = 1, λ = 1
16 , C = 100. We set time step τ = 10−5, the

mesh N ×N = 80× 80, and B = 1.

As for the Example 4.4, the contour plots of the numerical solutions of ϕnh and
un
h by using the P-BDF2 scheme are shown in Figures 7-8. And the evolution of

discrete energy and total change of discrete mass are shown in Figure 9. As it is
shown, we can also see that the discrete energy decreases over time and the change
of total mass reaches machine precision.

Example 4.5. The purpose of this example is to evaluate the long-time performance
of the proposed method. Following [9], we consider the CHNS equations (1) with



906 Y. CHEN, D. LI, Y. YANG, AND P. YIN

Figure 7. Example 4.4, P-BDF2 scheme (64)-(65), snapshots of
numerical solutions for the phase field function.

Figure 8. Example 4.4, P-BDF2 scheme (64)-(65), snapshots of
numerical solutions for the velocity field function.

the initial data

(93)
ϕ0 = 2rand(x, y)− 1,

u0 = 0,

where rand denotes a two-dimensional random function. The parameters are set as
γ = 0.002, µ = 1 , λ = 0.01, ϵ = 0.02. The computational domain Ω = [−1, 1] ×
[−1, 1] is uniformly triangulated using a mesh identified by partition number N ×
N = 160×160. The final simulation time is T = 100 with a time step size τ = 10−2.
We solve this problem by the P-BDF1 scheme (24)-(26), with the IEQ auxiliary
constant B = 1.
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Figure 9. Example 4.4, the modified discrete energy history
and discrete mass variation.

The evolution of the phase function at various times is shown in Figure 10, clearly
illustrating the coarsening dynamics. The accompanying plots of energy and mass
variations in Figure 11 further confirm that the numerical results preserve the
expected physical properties.

Example 4.6. In this example, we demonstrate the flexibility of the proposed
method on a curved domain. The same parameters as in Example 4.5 are used
for equation (1), along with the same final simulation time, time-step size, and IEQ
auxiliary constant B. The initial condition is given by (93), and the computational
domain is defined as Ω = (x, y) : x2 + y2 ≤ 1. A quasi-uniform triangular mesh
with 21,396 nodes is employed for discretization.

Snapshots of the numerical phase function at selected time instances are shown in
Figure 12. The energy and mass evolutions are shown in Figure 13, demonstrating
both energy dissipation and mass conservation. These results confirm that the
proposed scheme performs effectively on curved domains as well.

Example 4.7. [8] Let Ω = [−1
2 ,−

1
2 ] × [− 1

5 ,−
1
5 ], we consider the CHNS equations

satisfying the following initial condition

(94)
ϕ0 =


1, x < x0,

−1, x > x1,

− sin

(
πx

2x1

)
, x0 ≤ x ≤ x1,

u0 = [0 0]⊤,

where x1 = x0 =
√
2

20 , ϵ =
1

500
√
10
, λ = 1

100 , γ = 1
10 , µ = 1, τ = 10−7, T = 10−5.

We solve this problem using the schemes P-BDF1, C-BDF1, and CP-BDF1 with
different IEQ constants B, which is introduced in the IEQ approach to ensure
F (ϕh)+B > 0. The evolution of the discrete energy of E

(
ϕn+1
h ,un+1

h , Un+1
h , pn+1

h

)
for P-BDF1 scheme and E

(
ϕn+1
h ,un+1

h , Un+1
I , pn+1

h

)
for C-BDF1 scheme are shown

in Figure 14. From the results, we observe that solutions of the C-BDF1 scheme
satisfy the energy dissipation law only when B is sufficiently large, as explained
in Remark 3.12, whereas the P-BDF1 scheme satisfies the energy dissipation law
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Figure 10. Example 4.5, P-BDF1 scheme (24)-(26), snapshots
of numerical solutions for the phase field function.

regardless of the choice of B. There are noticeable discrepancies between the energy
curves produced by the C-BDF1 and P-BDF1 schemes when the mesh size is large
(h = 1

10 , as seen in Figure 14). However, these differences decrease as h decreases,
as illustrated in Figure 15.

To demonstrate how the CP-BDF1 scheme improves the C-BDF1 scheme in
preserving the energy dissipation law, we present energy plots from all three schemes
for comparison in Figure 16. To capture the energy increase phenomenon in this
specific example, the initial computation is performed on a coarse grid with h =
1
10 . At this stage, we observe a significant discrepancy between the energy curves
obtained from the C-BDF1 and P-BDF1 schemes. When the CP-BDF1 scheme is
applied for correction, a noticeable energy decrease occurs at t = 9.6×10−6. As the
grid refined to h = 1

160 , the magnitude of this change diminished. The energy curve
produced by the CP-BDF1 scheme is aligned with that of the P-BDF1 scheme.
Moreover, the difference between the energy curves from the P-BDF1 scheme on
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Figure 11. Example 4.5, the discrete energy history and dis-
crete mass variation.

Figure 12. Example 4.6, P-BDF1 scheme (24)-(26), snapshots
of numerical solutions for the phase field function.

coarse and fine meshes is smaller than that of the C-BDF1 scheme. It implies that
the modification introduced by the CP-BDF1 scheme is effective in ensuring energy
dissipation.

Pictures in the top row of Figure 17 display the phase field plots at T = 10−5,
computed by using three distinct schemes. slight differences are observed in both
the energy curves (Figure 16, left) and the phase field plots (Figure 17, top) on
the coarser grid (h = 1

10 ). These discrepancies are primarily attributed to the
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Figure 13. Example 4.6, the discrete energy history and dis-
crete mass variation.

significant projection error in the intermediate variable Un. As expected, this error
diminishes with increased grid resolution (h = 1

160 ; Figure 16, right and Figure
17, bottom), but we can still observe increasing energy for the C-BDF1 scheme.
However, the P-BDF1 and CP-BDF1 schemes satisfy the energy dissipation law.

Figure 14. Example 4.7, Effect of constant B on the discrete
energy, Left: C-BDF1 scheme; Right: P-BDF1 scheme, h = 1

10 .

Example 4.8. We design the following three-dimensional test case to assess the
capability of the proposed method in handling 3D models. Consider the CHNS
equations (1) imposed on the domain Ω = [0.2, 0.8] × [0.2, 0.8] × [0, 1], with initial
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Figure 15. Example 4.7, Effect of mesh size on the difference
of discrete energy, B = 500. Left: h = 1

160 ; Right: h = 1
320 .

Figure 16. Example 4.7, The comparison of energy curves for
three methods. B = 100. Left: h = 1

10 , right: h = 1
160

conditions specified as

(95)

ϕ0 = 1− tanh

(
−r +

√
(x− xa)2 + (y − ya)2 + (z − za)2

2ϵ

)

− tanh

(
−r +

√
(x− xb)2 + (y − yb)2 + (z − zb)2

2ϵ

)
,

u0 = [0, 0, 0]
⊤
,

where xa = ya = xb = yb = 0.5, za = 0.65, zb = 0.35, and r = 0.15. Following
[28], we choose γ = 0.001, µ = 12, ϵ = 0.02, λ = 0.05, and B = 50. The problem is
solved using the P-BDF1 scheme (24)-(26) with uniform mesh size h = 1/50 in all
spatial directions and a time step τ = 5× 10−3, up to the final time T = 1.
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Figure 17. Example 4.7, The comparison of energy curves for
three methods. Top: h = 1

10 , bottom: h = 1
160 ; left: CP-BDF1,

center: C-BDF1 scheme, right: P-BDF1 scheme.

Figure 18 depicts the coalescence of two interacting bubbles in three dimensions.
As time evolves, the bubbles gradually merge into a single, larger bubble driven by
surface tension effects, in line with physical expectations [28]. The corresponding
energy dissipation and mass variation over time are shown in Figure 19, demon-
strating consistency with the theoretical predictions.

5. Conclusion

In this work, we studied three types of first- and second-order IEQ-FEMs for
solving the CHNS equations. The first two types position the intermediate func-
tion introduced by the IEQ approach either in the continuous function space or in a
combination of the continuous function space and finite element space. These meth-
ods each exhibit distinct advantages: the former is computationally fast, though
the energy may not be fully stable in the FEM space; the latter ensures uncondi-
tional energy stability in the FEM space, but the projection step incurs additional
computational costs. The third IEQ-FEM scheme is a hybrid of the two, designed
to leverage the benefits of both. It begins with the former IEQ-FEM for computa-
tional efficiency but switches to the latter if the energy fails to satisfy the energy
dissipation property. Numerical examples were presented to validate the theoretical
findings and demonstrate the effectiveness of the proposed methods.

A rigorous error analysis for CHNS equations of the proposed methods is de-
sirable and is deferred to future work. Besides, extending the proposed methods
to higher-order time discretizations is a potential direction for future research. It
would be also interesting in future work to consider deep-learning-type approaches,
such as physics-informed neural networks (PINNs) [15, 22].
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Figure 18. Example 4.8, P-BDF1 scheme (24)-(26), snapshots
of numerical solutions for the phase field function.

Figure 19. Example 4.8, the discrete energy history and dis-
crete mass variation.
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