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In this paper, we propose a mass- and modified energy-conservative relaxation Crank—Nicolson finite
element method for the Schrodinger—Poisson (SP) equation. Utilising only a single auxiliary variable, we
simultaneously reformulate the distinct nonlinear terms present in both the Schrodinger equation and the
Poisson equation into their equivalent expressions, constructing a system equivalent to the original SP
equation. Our proposed scheme, derived from this equivalent system, is implemented linearly, avoiding
the need for iterative techniques to solve the nonlinear equation. Additionally, it is executed sequentially,
eliminating the need to solve a coupled large linear system. We in turn rigorously derive the optimal
error estimates for the proposed scheme, demonstrating second-order accuracy in time and (k + 1)th-
order accuracy in space when employing polynomials of degree up to k. Numerical experiments validate
the accuracy and effectiveness of our method and emphasise its conservation properties over long-time
simulations.

Keywords: Schrodinger—Poisson equation; mass and modified energy conservation; relaxation Crank—
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1. Introduction

Consider the Schrodinger—Poisson (SP) equation, also known as the Gross—Pitaevskii—Poisson equation
(Shukla & Eliasson, 2006; Cai et al., 2010; Cotner, 2016)

i, = —Au+ Qu+Vx)u+ |u|2u, (x, 1) € £2 x (0,71, (1.1a)
—AD = p(u* —¢), (1) €2 x[0,T, (1.1b)
u(x,0) = uy(x), xe 2. (1.1¢)
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2 H.LIU ET AL.

Here, the symbol i = +/—1 represents the imaginary unit, 2 C R? is a convex bounded domain, and 7' >
01s the final time. The complex-valued function u(x, f) represents the single-particle wave function, while
the real-valued function @ (x, f) denotes the Poisson potential. Both functions satisfy the homogeneous
Dirichlet boundary condition. The nonlinear term |u|?« in the Schrodinger equation is known as the
self-repulsion, whereas the nonlinear term |u|? in the Poisson equation represents the charge density.
The constant & = =1 is a rescaled physical constant, reflecting the nature of the underlying forcing:
repulsive for © > 0 and attractive for © < 0. The parameter ¢ denotes a background charge of the
particle independent of time #. V(x) is a specified external potential, and u(x) is the initial condition.

The SP equation was first introduced by (Ruffini & Bonazzola, 1969) to study self-gravitating boson
stars. Later on, it was explored in various fields of application, including quantum mechanics (Cai et al.,
2010), semiconductors (Markowich et al., 1990; Ringhofer & Soler, 2000), plasma physics (Bertrand
& Van Tuan, 1980; Shukla & Eliasson, 2006, 2011; Sakaguchi & Malomed, 2020), optics (Paredes
et al., 2020). A significant body of literature is dedicated to the mathematical analysis and numerical
approximation of the SP equation, including the well-posedness (Lange et al., 1995; Castella, 1997,
Arriola & Soler, 2001; Masaki, 2011).

In studies of Bose—Einstein condensates, boundary conditions for both # and @ in (1.1) typically
vanish at infinity and are often scaled to bounded domains as homogeneous Dirichlet boundary
conditions (Cotner, 2016). For simplicity of presentation, we focus on the homogeneous Dirichlet
boundary condition:

u,n) =0 and P(x,0) =0, (x,0) € dR x[0,T]. (1.2)

However, various types of boundary conditions can be imposed on the SP equation (1.1), includ-
ing (homogeneous) Dirichlet boundary conditions (Arriola & Soler, 2001; Cotner, 2016), zero-flux
(Neumann) boundary conditions (Sakaguchi & Malomed, 2020) and periodic boundary conditions
(Lange et al., 1995; Sakaguchi & Malomed, 2020; Verma et al., 2021). More discussions about boundary
conditions can be found in (Lange et al., 1995; Lange & Zweifel, 1997) and the references therein. The
method to be proposed later and its analysis are applicable to all these boundary conditions. Under the
homogeneous Dirichlet boundary conditions (1.2), the solution of the SP equation (1.1) preserves the
mass conservation

M) = / lul? dx = M),
2

and the energy conservation
_ 2, U ogr 2 boa)
EQ@) = [Vu|” + — V@I~ + V()|ul” + <|u|” ) dx = E(0), (1.3)
2 2u 2

which are important invariant properties that are also desired at the discrete level. In literature, a modified
energy is often selected as an alternative structure to the original energy, particularly in numerical
methods that involve reformulating the SP equation (1.1) into an equivalent enlarged system (Gong et al.,
2022; Yi & Liu, 2022).

If the self-repulsion term |u|?u in (1.1a) vanishes, several numerical methods have been proposed to
handle the nonlinearity caused by the charge density |u| in the Poisson equation, including the Strang
splitting types of methods (Lubich, 2008; Auzinger et al., 2017). To preserve the invariant properties
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 3

at the discrete level, Ringhofer et al. introduced a Crank—Nicolson scheme (Ringhofer & Soler, 2000)
and employed the prediction-correction technique to handle the nonlinearity. An extension work of the
Crank—Nicolson-type method was carried out by Ehrhardt ez al. to develop an approximation for the
spherically symmetric SP system (Ehrhardt & Zisowsky, 2006). A structure-preserving discontinuous
Galerkin (DG) method proposed in (Yi & Liu, 2022) also treated the nonlinear term implicitly, but
an iterative technique was employed to handle the nonlinear term. More recently, structure-preserving
relaxation Crank—Nicolson types of methods were proposed for the nonlinear Schrédinger equation
(Besse, 2004; Besse e al., 2021) and the SP equation (Athanassoulis et al., 2023). The relaxation methods
introduce an intermediate function to handle the nonlinearity and find solutions of Schrédinger equation
and Poisson equation at different time levels. Therefore, the corresponding schemes are linear.

For the nonlinear SP equation (1.1) that incorporates both the self-repulsion |u|?u and the charge
density |u|?, different techniques may be necessary to handle the two distinct nonlinear terms. In addition,
it is challenging to handle the two nonlinear terms while simultaneously conserving the invariant
properties (Wang et al., 2018). A scalar auxiliary variable (SAV) Crank—Nicolson scheme was proposed
in (Gong et al., 2022) that preserves both mass and modified energy properties. It is interesting to note that
the SAV approach is only applied to the nonlinear term |u|*« while treating the nonlinear term |u|> simply
implicitly. Therefore, the method remains implicit and nonlinear, requiring iterative methods (IMs)
for convergence. Another noteworthy DG method (Yi & Liu, 2022) applies the relaxation techniques
described in (Besse, 2004) for the Schrodinger equation, but treats the nonlinear term |u|? in the Poisson
equation implicitly. Therefore, iterative techniques are still needed to solve the coupled system formed
by the Schrodinger equation and the Poisson equation.

It is natural to inquire whether it is possible to handle the nonlinear terms efficiently while conserving
the invariant properties. Motivated by effectiveness and the ability of the structure-preserving relaxation-
type of schemes to preserve the invariants for the Schrodinger equation and the general SP equation
(Besse, 2004; Besse et al., 2021; Athanassoulis et al., 2023), we propose a linear and structure-preserving
relaxation Crank—Nicolson finite element method (FEM) tailored for solving the nonlinear SP equation
(1.1). More specifically, we introduce only one auxiliary variable to reformulate two different nonlinear
terms in two equations simultaneously: the self-repulsion term |u|?u in the Schrédinger equation (1.1a),
and the charge density |u|? in the Poisson equation (1.1b). This transforms the SP equation (1.1) into an
equivalent system, facilitating its discretization into a linear fully discrete finite element scheme. This
approach conserves both mass and modified energy, while also allowing for a linear implementation
without the need for iterative techniques. To the best of our knowledge, the approach that introduces only
one auxiliary variable to simultaneously reformulate different nonlinear terms in two distinct equations
in a system, as described, has not been explored in the literature for the SP equation (1.1).

Error analysis of the numerical methods for the SP equations is crucial for assessing their stability
and accuracy, but much attention has been given to optimal error analysis for the SP equations without
the self-repulsion term. (Lubich, 2008) pioneered the error analysis of the Strang-type splitting method
in the semi-discretization system. (Auzinger et al., 2017) analyzed the convergence analysis for the
fully discrete scheme for the SP equation by using the splitting FEM. Later on, (Zhang, 2013) studied
the optimal error estimates of the finite difference method under proper regularity assumptions. The
optimal L? error estimate of semi-discrete conservative DG scheme was also proved in (Yi & Liu, 2022).
However, limited research on error analysis has been established for numerical methods incorporating
the nonlinear self-repulsion term. (Gong e al., 2022) established unconditional energy stability and
performed convergence analysis for the SAV Crank—Nicolson spectral method.

In this work, we rigorously derive optimal a priori error estimates for the relaxation Crank—Nicolson
FEM using the method of induction. Various tools have been introduced and developed to obtain
the desired results, such as the uniform boundedness of the finite element approximations, and the
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4 H.LIU ET AL.

dependence of the errors between different equations. Specially, the L? error of the solution in the
Poisson equation is bounded by the L? error of auxiliary variable and an optimal spatial error bound.
As a result, we obtain second order accuracy in time and (k + 1)th order accuracy in space when
employing polynomials of degrees no more than k. To the best of our knowledge, there are currently
no rigorous convergence results in the literature for relaxation Crank—Nicolson types of methods for the
SP equation. The analysis technique developed in this work can be extended to other similar numerical
methods, offering a broader applicability. An extension of the error analysis for the structure-preserving
relaxation Crank—Nicolson FEM to the SP equation, without the self-repulsion term lu|?u in (1.1a), was
also provided.
The contributions, innovations and significance of this work include:

* Different from the existing methods that use various techniques to handle the two distinct nonlinear
terms in the SP equation (1.1), we employ only one technique, namely the relaxation method, for
both nonlinear terms. Consequently, the proposed method is easy to implement.

* Though we use only one technique to handle the two different nonlinear terms, we prove that the
proposed method preserves both mass and modified energy.

* The proposed method is implemented linearly without resorting to any iterative techniques and
sequentially without the need to solve a coupled system. Therefore, it is computationally efficient
and cheap.

*  We derived the optimal error estimates for the proposed method, obtaining second-order accuracy
in time and (k + 1)th order accuracy in space for the L? errors when applying polynomials with a
maximal degree k.

*  We conduct numerical examples to verify the performance of the proposed method, including
accuracy tests, conservation verification and comparisons with existing results.

The organization of this paper is as follows. In Section 2, we present the relaxation Crank—Nicolson
FEM for the SP equation, and we demonstrate the structure-preserving properties of both the continuous
problem and the fully discrete scheme. In Section 3, we establish the optimal error estimates in L? norm
for the solutions of a fully discrete system, comprising second-order accuracy in time and (k+ 1)th order
accuracy in space. We further extend the convergence results to the relaxation Crank—Nicolson scheme
(Athanassoulis et al., 2023) in Section 4. In Section 5, some numerical experiments are carried out to
validate the theoretical analysis and verify the performance of the proposed conservative method.

We employ W (£2, R) and WP (§2, C) to denote real-valued and complex-valued Sobolev spaces,
respectively. For brevity, we use H™(£2) for wm2(£2,R) and H™(£2) for W™2(£2,C), with norms
denoted by || - ||, and semi-norms by | - |,,. When m = 0, | - || represents the L? norm of either L(£2)
or L2(£2). Unless explicitly stated otherwise, the constants denoted by C, possibly accompanied by a
suitable subscript, represent generic positive constants that are independent of t, i, n and N, but may
depend on final time T and the regularity of exact solutions u# and @.

2. The relaxation Crank—Nicolson FEM

In the following presentation, the inner product and norm of the standard complex-valued Hilbert space
L2(£2) are expressed as (-,-) and | - ||, respectively,

(u,v) :=/ w¥dx and |u| = v/ (u, u),
2
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 5

where v* denotes the complex conjugate of v. Similarly, the inner product and norm of the real-valued
Hilbert space L?(£2) are defined by

(u,v) ::/ uvdx and |u| =/ (u,u).
2

Then the weak formulation of problem (1.1) reads as: findu € C L0, 11, H(l)(.Q)) and @ € Hé (£2),

i(u,, a)) =Ay (u,w) + (Pu, w) + (V(x)u, w) + <|u|2u, w> , Ywe H(l)(.Q), 2.1)
A @0 = (Juf —e.x). Vi € Hy®), 22)
where the bilinear forms A, (-, -) and A, (-, -) are defined as follows
Ap(w,v) = (Vo,Vv), Yo,ve H(l)(.Q), (2.3)
Ay, x) = (V$,Vx), Y, x € Hy($2), (2.4)

and they both satisfy the coercivity and continuity properties, namely, there exist constants y; > 0 and
¥, > 0 such that

A;(v,v) =y VI3, Ajw,v) = pllollivlly, j=0,1, (2.5
for any w,v € H}(£2) or H)(£2).

2.1 Mass and conservation properties

We begin with the review of the continuous mass and energy conservation for the SP equation (1.1).
Then, we propose a FEM that conserves these properties.

The SP equation (1.1) is nonlinear, containing two nonlinear terms: the self-repulsion term |u|?u in
the Schrodinger equation (1.1a), and the charge density |u|? in the Poisson equation (1.1b). Observing
that two nonlinearities share a common factor, we introduce a real auxiliary variable ¥ = |u|?. The SP
equation (1.1) can then be equivalently written as

v = |ul?,
i, =—Au+ Qu+Vxu+Yu, (2.6)
—A® = uW —o),

whose weak formulation is to find u € C' ([0, T], H(])(.Q)) and ¥, € H(]) (£2) such that

W, v) = (|u|2,v) . We H\®), (2.72)
i(u,, a)) =Ay (W, )+ (Pu,w) + (VX)u,w) + (Yu,w), Yoec H(l)(.Q), (2.7b)
Al (@, x)=nM —c,x), VYxe Hé(.Q). 2.7¢)
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6 H.LIU ET AL.

Similar to (1.1), the following invariants are preserved for the new SP system:

mass conservation M(t) = / |u|2 dx = M(0), 2.8)
Q

energy conservation E(f) = /

2 1 2 2 1 2
Vul> + — |V + V@) |ul® + =w?) dx = E(0). (2.9)

Indeed, by substituting @ = u in (2.7b), we obtain
i(ut, u) =Ag(u,u) + (Pu,u) + (V(x)u,u) + (Yu,u). (2.10)

Taking the imaginary part of (2.10) yields

1d )

which proves the mass conservation (2.8).
On the other hand, by taking @ = u, in (2.7b), it holds
i(ut, ut) =Ay(u,u,) + (di'u, ”z) + (V(x)u, ”z) + (lI/u, ut) . (2.12)

The real part of (2.12) yields

d 2 d 2 d 2 d 2
= vu?de+ [ @—u?de+ — | Vo) lulde+ | @ —u?dx = 0. (2.13)
dt Jo o dr dt Jo I?) dr

By taking v = @ in (2.7a),, which is a resulting equation from differentiation of (2.7a) in t, it follows

/q>d| |2dx—/<pd(w ) dx (2.14)
o dtu - Q dr ¢ ’ '

Similarly, by taking x = @ in (2.7¢),, the second term in (2.13) can be rewritten as

d 1
/¢—|u|2dx:—/ V&, V& dr. (2.15)
e dr wJe

Setting v = ¥ in (2.7a),, the last term in (2.13) can be rewritten as

1d d
—— l1/2dx=/ W — |u|? dx. (2.16)
2 dt I?) Q dr

Therefore, (2.13) reduces to

d 1 1
—(/ |Vu|2dx+—/ |V<15|2dx+/ V(x)|u|2dx+—/ uﬂdx)=0. (2.17)
dr \Jgo 2u Jo 2 2)e

Hence, the energy conservation (2.9) holds.
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 7

2.2 Fully discrete scheme

To preserve the properties mentioned above at the discrete level, we investigate a relaxation Crank—
Nicolson FEM in this subsection.

Let 7, be a shape-regular and quasi-uniform triangulation of £2 C R%, K € 7T, be an element, and
h := maxg.7; hg be the mesh size with iy being the diameter of K. We denote the real-valued finite
element space V,, by

v,=[rece vePw, vkeT), 2.18)

where P* is the space of real-valued polynomials of degree up to the k (k > 1). Similarly, the complex-
valued finite element space V}, associated with the triangulation 7,,, is denoted by

vi={rec@ ved®, vkeT}, (2.19)

where QX denotes the space of complex-valued polynomials of degree up to k (k > 1) in space.

Denote by {#, | t, = nt,0 < n < N} a uniform partition of time interval [0, 7] with time step size
t = T/N, where N is a positive integer. We also introduce 7, » = (1, +1,_1)/2 = (n — %)r. For
any function ¢(x,f) and n > 0, we denote goZ‘g eV, or V,f as an approximation of ¢(x,#,_,), where
0=0,1.

For a sequence of functions {<p”}f1V=0, we define the operators

D, "t —¢" 2 "t 4"
§ = =t

- 5 (2.20)

The relaxation Crank—Nicolson method introduces an intermediate function, and solves the intermediate
function and the solution of the Schrédinger equation at different time levels. Therefore, the correspond-
ing scheme can be implemented linearly. For the linearity of the scheme when coupled with the Poisson
equation, we further solve the Poisson equation in the same time level as the intermediate function.
-1z ul, (DZ*U Y e V), x Vi x V,,, the relaxation Crank-Nicolson finite

element scheme, derived from (2.6) or its weak formualation (2.7), is to find (WZ +1/ 2, uZH , @ZH/ 2) €

V), x V;; x V) such that

More specifically, for given (¥’

@2 w2y = Q). Yy, €V, (2.21a)

WD ) =A@ wp) + (@) V) + T a2 ), Ve, € VE, (2.211)
1/2 1/2
M@ ) = @t — e, Y e Vi (2.21¢)

- ,|u*. Here, T, : H'(2) — V) is the nodal

1/2

where the initial data u) = IT,u, and llfh_l

interpolation operator. To compute the initial energy, we need @, '~ € V;,, which is obtained by

—1/2 —-1/2
Av@, o) = n @ = e ). Yo € Ve
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8 H.LIU ET AL.

Lemma 2.1. Given (l,I/,:l_l/2

finite element scheme (2.21) admits a unique solution (¥}’ +72 MZH, (DZH/ 3 e Vi, x Vi x V.

,uZ,(PZ_l/ 2) € V, x Vi x V, and T > 0, the relaxation Crank—Nicolson

Proof. The scheme (2.21) is a finite dimensional system, whose existence is equivalent to its uniqueness,
thus we only need to show its uniqueness. Assume that (2.21) has two possible solutions and their
difference is denoted by (§ lI/: +/ 2, SMZH R 8<DZ+1/ 2), then it satisfies

et Py =0, Yy, eV, (2.22a)

1 1
(0™ /7 0p) = SA0(6u ) + 5 <(<p,§‘“/2 F V@) + 11/;“/2) Squ,wh), Vo, € V¢,
(2.22b)
1/2 1/2
A D2 ) = w2 ), Vg, €V, (2.22¢)

Taking v, = 8%,"'/% in (2.222) gives [|5¥,"""/?|| = 0, namely 8@;"""/* = 0. Then (2.22¢) gives

AR ) =0, Yy, €V, (2.23)
By taking x, = 8&,'/* in (2.23) and applying (2.5), it follows
s, 21, <0,
which implies &, "'/ = 0. Finally, taking @, = r8u"! in (2.22b) yields

il I* = %AO((SMZH,(SuZH) 4 %<(¢g+1/2 SV + q,;ﬂ/z) 5u2+1,5u2+1>,

and the imaginary part gives ||8uZJrl || = 0, or equivalently, § MZ_H = 0. Thus, the conclusion holds. [

By solving the intermediate function, the Poisson equation, and the solutions of the Schrodinger
equation at different time levels, namely the intermediate function and the Poisson solution at 7, | », and
the Schrodinger at ¢, , |, the relaxation Crank—Nicolson FEM (2.21) can be implemented in the following
algorithm.

Algorithm 2.1 The relaxation Crank—Nicolson FEM (2.21) is solved sequentially and linearly as follows.

« Solve &'/ ¢, from (2.21a).

* Solve GDZH/Z €V, from (2.21c).
*  Solve u}t! € V§ from (2.21b).
REMARK 2.1. The proposed relaxation Crank—Nicolson FEM (2.21) is linear without resorting to any

interaction techniques, Algorithm 2.1 additionally implies that it does not require solving a couple
system.
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 9

2.3 Structure-preserving properties

From the literature, to conserve the invariant properties is challenging to solve the SP equation (1.1).
Next, we explore the conservation properties of the proposed relaxation Crank—Nicolson finite element
scheme (2.21) and obtain the following statement.

Lemma 2.2. Forany T > 0, the relaxation Crank—Nicolson FEM (2.21) satisfies the discrete conservation
for both mass and modified energy with 0 < n < N — 1, respectively

M = MY, (2.24)
Ert = E), (2.25)
where the mass M"+ = o |u"+1 |? dx, and the modified energy

1
En"rl —A (MI’H'I n+1)+ A (®n+3/2 n+1/2)+/ V(x)|u"+1| dx—|-§/ lI/:+3/2lI/:+l/2dx.
2

Proof. Taking @, =, ""/% in (2.21b) yields
D T = A @2 EY) (@0 4 Voo + w2 w206
Then the imaginary part of (2.26) gives

I 1% = u* = o, (2.27)

which implies the conservation of the mass (2.24).
Next, taking w;, = D, u”+1 in (2.21b) gives

(D MZ-H D un+1> AO(ﬁZ-Fl/Z n+1)+ <((pn+l/2+v( )+lpn+l/2)_n+l/2 Dfuz+l)~ (228)

The real part of (2.28) implies

[Ao(u"“ "“)—Ao(uh,uh) /(¢"+1/2+V( )+ &R = P de =0, (2.29)
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10 H.LIU ET AL.

Then we proceed to estimate the terms in (2.29). Upon calculation,

n+1/2
/ (pl / (|unh 1|2 |llZ|2) dx
n—1/2

+3/2 +1/2 +1/2
=/¢Z+1/2(W: Pyt gt e
2

5 5 ) dx by (2.21a)

1 _
_ E/ S22 oy g2 g
2

1 1 _
= 54 (o2 ot — 2 (opt20i7') by @210 (2.30)

Similarly, by (2.21a), it holds

172 1 n+3/2 172 /2., n—1/2
/Q‘I’Z” (Iu2“|2—|u2|2)dx:z/g(%’”"’/7“ SR A Ty LS CE 1)

Plugging (2.30) and (2.31) into (2.29) and regrouping give the discrete energy conservation (2.25). U
ReMark 2.2. Handling the two nonlinear terms in the SP equation (1.1) while conserving the original
energy at the discrete level remains a challenging task. The discrete energy has only been numerically
verified for the splitting Chebyshev collocation method proposed in (Wang et al., 2018), whereas the

IMs in (Gong et al., 2022; Yi & Liu, 2022) conserve modified rather than original energies. Although
our proposed method also conserves a modified energy, it achieves this with much higher efficiency.

3. Error estimates for the fully discrete system
The main objective of this section is to establish the optimal error estimates of the relaxation Crank—
Nicolson FEM (2.21) for the SP equation (1.1). To begin with, we review some useful results.
Recall that IT, : H'(£2) — V, be the nodal interpolation operator. By the classical finite element
approximation theory (Brenner & Scott, 2008), it follows
[v— || + 1|V (v— )| + 8l — Tle < CE I, Vv e HFFY(R). (3.1)
We also define the Ritz projection operator R, : Hé (£2) — V,,, which satisfies

(VO =R, Vo) =0, Yo eV, (3.2)

and holds the projection error estimate

v =Ry| +h V(=R < CH vl Vv e HY(2) N H (2). 3.3)
The following inverse inequality (Ciarlet & Oden, 1978) will be widely used in the analysis,
IVlloo < CR VI, ¥y € V. (3.4)

In addition, we also need the following result.
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 11
LemMma 3.1. For the Ritz projection defined in (3.2), it holds for any k > 1,
IRl <C, VveH\(2)NHY (2), (3.5)
where C depends on ||v|;; and ||v]|,,, independent of /.

Proof. By the embedding theorem, it follows H?(£2) C L®(£2). Then v € H*1(2) implies v €
L°(£2). Let IT,v be the nodal interpolation of v. By (3.1), (3.3), and the triangle inequality,

v =Ryl <Iv = Myl + 1Ty = Ryl < v = Myl + Ch™ T,y — Ryl
<lv— Ml + Ch™" (v = Tl + v = Ryyll) < CH |[vllgy -
Therefore, applying the triangle inequality gives
IRpilae = IV =Rpvlle + IVlloo = C.
(]
RemMark 3.1. Specially, the result in Lemma 3.1 holds for any v € Hé (2) N L) with s > 0.
The projection errors (3.1), (3.3), (3.4), and the bound (3.5) also hold for functions in complex-valued

Sobolev space and the corresponding projections in complex-valued finite element space Vj.

Lemma 3.2 (Discrete Gronwall’s inequality (Heywood & Rannacher, 1990)). Let 7, B and ay, by, ¢y,
V> for k > 0, be non-negative numbers satisfying

n n n
an+erk§tZykak+thk+B, for n>0. (3.6)
k=0 k=0 k=0

Suppose that Ty, < 1, forall k and o = (1 — ryk)_l. Then

n n n
a,+1 Z b, < exp (r Z okyk) (r ¢, + B). 3.7
k=0 0

k=0 k=l

Lemma 3.3. (Zouraris, 2023) Let v9,v?, 29,22 € C and S (v,V?, 2%, 28) := V2 — VP12 — 292 + |22
Then,

HS (V“,vb,z“,zb) H <2

Py H ”vb -2 H +H (V”,vb,z",zb)
o0

NN B sz (38

where H (4,7, 24,2%) i= [l + V2] + [ = 2] -

For the finite element approximation related to the Poisson problem, the following estimate holds.
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12 H.LIU ET AL.
Lemma 3.4. Givenf € L?(2). If a € H}(£2) satisfies
Ar(a, xp) = (o xp)s Yx, €V

Then there exists a constant C > 0 such that

lall < C (|lf|| + h min |la, — a||1) :
apeVy

Proof. Let a; €V, be an approximation of a. Then (3.9) can be reformulated as

Ayay, xp) =A(ay, —a, xp,) + (5 xp)-

Taking x;, = a;, in (3.11) and applying (2.5) give

y 1
layI? < “Zllay, — allyllayll; + —IlfHllapll.
Y1 "1

Note that ||a,|| < Clla,|l;. We obtain

laylly < € (lay — ally + IIF1)-

By using the triangle inequality ||al|l; — lla — a,|l; < lla,ll;, (3.13) yields
lall; < C(min lay, —all; + Ilfll)-
apeVy

On the other hand, we introduce a function v solving the elliptic problem
—AY =a in £, Y =0 onds2,
which holds the regularity estimate i € H>(£2) and

¥l < llall.

From (3.15), it follows

||a||2=/ a'(—Allf)dX=/(Vle//)dx:Al(a,l/f)-
2 2

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 13

Let ¢, € V}, be a piecewise linear interpolant of . Then

lall* = A (a,¥) = A (@, ¥) + A (@, ¥ — )
= (f, Iﬂl) +A1(a"// - I/f1)
= WA+ 1Y = ¥ D + wvallally Iy — ¥yl

< AL+ CH 1Y 1) + Chlall 1y 11,
= CUAN + Allalip)llall, (3.18)

where we have used the regularity (3.16) and the projection errors

Iy =l < CRY N, I = ¥l < Chll .

(3.18) together with (3.14) yields the estimate (3.10). O

We define the discrete Laplacian operator A, : H(l)(.Q) — V} as
(—Auv. x5 = (V. Vx,), Yx, €V;. (3.19)

We also introduce linear operators S, T}, : Vg — VZ s
T .
(S 0p) = <(Ih - izAh) vh,wh>, Vo, € VE. (3.20)

where I, is an identity operator on V;. Denoting by O, = S, T, and setting w;, = v}, in (3.20) and (3.21)
give

Re(O,v;.vy) = vy lI% Vv, € VE, (3.22)

which implies ker(O,,) = {0}. Therefore, the operators S, and T, are invertible.
Similar to (Zouraris, 2023, Lemma 2.4), the following statement holds.

Lemma 3.5. The operators S;, defined in (3.20) and T}, in (3.21) are invertible and fulfil

IS, 'l < Ivll, Vv, € VE, (3.23)

B, vl < llvill, ¥y, €V, (3.24)
where the linear operator B, : V; — V} is given by

B, :=S,'T,. (3.25)
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14 H.LIU ET AL.

Lemma 3.6. LetI;, S, and B;, be the operators in (3.20), (3.21) and (3.25), and let {y"}il\’:1 be a sequence

in V} satisfying:
yn—l-l — (Bh _ Ih)yn + Bhyn—l _|_ S;IF)’H-],

where {I" ”'H}LV: | are given functions in V}. Then, for n > 2 it follows

228,00 +28,00] + 2 2 0L
=2

(3.26)

(3.27)

Proof. The proof is summarised from Part 9 in the proof of Theorem 3.1 in (Zouraris, 2023), we present
it here for completeness. If n = 1 in (3.27), the estimate is obvious by using Lemma 3.5 and y' = S;lshy’

for i = 1, 2. Next, we will focus on n > 2. Note that (3.26) can be written in a vector form

n+1 n n+1
y F
e [l )
where

e | Bl Bu | g el gl et
Ih O ’ h ’

A simple induction argument yields
n
yn+1 :| o1 |:y2 i| el |: Fl+1 i|
=M + > M ,
where

MK — 1 [ ((_])th +BZ+1)Sh ((_])K+]Bh +BZ+1)Sh ]
2 (DML, +BS)S, (—D*B, +B)S, .

Plugging (3.31) into (3.30) yields

[y”“ } _1 [ (=D"'I, +B))S,  ((=1)"B, +B})S, ] [y2 }

Yo T 2L (=D, +BhS, (DB, +BIDS, | [

N l i |: ((—l)n_llh _I_BZ—I-H)Sh ((_l)n—l—HBh +BZ—Z+1)Sh ] [Fl+l
24 (=D)L, +BhS, (=D 'B, +BI)S, 0

]

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 15

which gives for i = n,n + 1,

. . ‘ 1 . ‘ 1 < . .
yl — I:(_l)llh + B;l_l] Shyz + 5 I:(_l)l—lBh + B;l—lil Shyl + 5 Z I:(_l)l—l+11h + B;,l_l:l Fl+l,

=2

N =

(3.33)

which together with Lemma 3.5 yields (3.27). (]

For error analysis purposes, we assume that the exact solutions u#, @ and ¥ in (2.6) hold the following
regularity

u,u, € L0, T, H1(2)), VW, B, b, € L0, T; H(2)),
(3.34)
uy, ¥, € L°0,T;HX(2)), ¥, € L0, T;L*(2)),  u,,u,, € L0, T;L*(2)).

In addition, we also assume that the external potential V(x) € L>°(£2).
In view of the regularity assumptions in (3.34) for the exact solution u, ¥ and @, and Lemma 3.1,
we have for any n > 0,

[l < Cp W20 <Cypy  119"V2) o < Co,
(3.35)
IRl <D, IR V2, <Dy, R, V?| < Dy,
where the constants
C,= sup 'l  Cy= sup W V2,  Cp= sup [[&" 7|,
0<n<N 0<n<N 0<n<N
D,= sup |Ru"l, Dy = sup |RW" 2.,  Dg= sup [[R,&" ?||.
0<n<N 0<n<N 0<n<N
Recall that the exact solution of (2.6) satisfies
(u/”+1/2 + lI/”_l/z,v) = (V) + (2|u"|2,v) , (3.362)

(Dot ) = Ag (#7172, 0) + (@712 + Vi) + 0 2) B2 0) + (R 0), (3.36b)
A (212 x) = (v — e x), (3.360)
forany v, x € Hé(.Q) and w € H(l)(.Q), where the consistency errors

S}il — lpn-‘rl/z + lpn—l/2 _ Zan’
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16 H.LIU ET AL.
and
R711+1 - _ i(u:l+1/2 _ Drun+1) + A(l/_thr]/z _ un+1/2)
+ (@2 L V() 4w ), (3.37)

1/2 1/2
1/ andegr/

We define the errors eﬁ‘“, ey withO <n <N —1as

n+1 _  n+l n+1 n+1/2 o nt+1/2 n+1/2 nt+1/2 _ gnt+1/2 n+1/2
e, =u —u,, ey =y -, ,  €g =P -, .

Taking v = v, ® = w;, and x = x;, in (3.36), and subtracting (2.21) from (3.36) yield

- 1/2

T et 2y = (ST v + (T8 vy, (3.382)
(D, e w,) = Ag@ 2 wp) + (G, wy) + (R o)), (3.38b)
ALy ) = @y a0, (3.38¢)
where
" = 20u")? — 2|} |,
and

Gn+l ((pn+1/2—n+1/2 ¢n+1/2_n+1/2) + V()C)(_n+1/2 —’h’H‘l/z)

4 (22 W;H/Zﬁzﬂ/z), (3.39)

By using the projection operator R;, the errors eﬁ“ Z,H/ 2 and eZ)H/ 2 can be split as

ez+1 _ (un+1 _ RhurH-l) + (Rhu"+1 — MZ'H) = g:}"'l + r]Z'H, (3.40)
V2 (2 LR g2y (R, 2 gy g2 e (3.41)
e$+1/2 — (¢n+l/2 _ Rh¢n+l/2) + (Rh®n+l/2 _ ¢Z+1/2) En""l/z Z)+1/2 (342)

Thus, the equivalent form of the error equations (3.38) are presented as

n—1/2

a2l 2 ) = (S5 + (T vy, (3.43a)

(D ™ wp) = Ag@ V2, wy) + (G ) + (RS @), (3.43b)
1 1 1/2

AT P =m0 + n@®T 0, (3.43¢)
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 17

where

1/2 —1/2 . 1/2 1/2
3=t - e BT =R in gt R =g

n+1/2
u

and we have used (3.2) to get rid of the terms Ao(g ,wy) and A, (E;H/z, X3)- By using the projection

error (3.3) and the mean value theorem, it holds
”Dtgl:l+1 ” — HDTMVH’I _ Rthun+] H < Chk+1 HDTM}'!+1 Hk+1 < Chk+1 ||ut(x, t*) ||k+1 , (344)

where t* € (t,,1,, ). Then applying the Taylor expansion and the properties of the interpolation operator,
for any n > 0, gives the estimates

IS5] < C(z% + K, (3.45)
IRET < C(z2 + WY, (3.46)
IR < chkH! (3.47)

Then we obtain the following error estimates.

THEOREM Suppose that u, ¥ and @ satisfy the regularity conditions (3.34). If t < Ch, then there exists
constant 7, > 0 and &, > 0 such that when time step 7 < 7, and mesh size h < h, the solution of the
relaxation Crank—Nicolson finite element scheme (2.21) satisfies

max [ei] < € (e AT, (3.48)
=n=
n+1/2 2 k+1
max gt < o (), (3.49)
0<n<N-1
max [ 512 H < C(z2 + K. (3.50)
0<n<N-1

Proof. We prove the results using the method of mathematical induction.
Step 1. In this step, we prove the following estimates.

leg* |l < C(z? 4 K<, (3.51)
lel 2l < C(22 + nEt1, (3.52)
el = € (22 + hk“) : (3.53)
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18 H.LIU ET AL.

ID il < C (r2 + h"*‘) . (3.54)

For n = 0, taking v;, = né,/z n;,l/z in (3.43a) gives

1/2 —1/2 1 2 —1 2 1/2 —1/2
Iy 202 =l 212 = (8.my% = m %) + (r?,n/ — ')
1/2 —1/2
<20I891% + Iln/ >+ IIn P12 4211912 (3.55)
Note that the following inequalities hold

0 2,02 0 0 k1
ITY I < 2ugl® — lup*Il < 2llug + uyll o llug — upll < CA,

12 _ip ol (3.56)

IIW ’Il < leg "I + 1€y 71l < CR*,

which together with (3.45) when plugging into (3.55) yields

1/2 1/2
lIng 211 < 31y 217 + 418917 + 41T < € + A2, (3.57)
By (3.57) and the projection error (3.3) for ||.§1/2||
1/2 1/2 1/2

leg* Il < llng! Il + 11821 < €2 + 1<+, (3.58)

By applying the Lemma 3.4 to the (3.38c) with n = 0, we conclude the following error estimate
lel? |l < Cllel/* + CH! < C(x? + W), (3.59)

In view of t < Ch, (3.35), (3.57), (3.59), and the inverse inequality (3.4), there exist #; > 0 such that
whenh < hy,

1/2 1/2 1/2
19,2 <IR 2 + Iyl < IR, 2|l + Ch Vg2 < Dy + Cyh < Dy + 1, (3.60)

lloo

1/2 1/2
12, oo <IR,®?[loe + Ch " Ing*ll < Dy + Cyh < Dy + 1. (3.61)

Taking w), = nu %in (3.43b) with n = 0 gives

i<Dr nu’ Ui/2> A ( 1/2’ ﬁ[l,/2) + <Gi’ﬁ}¢/2> + <R%’ ﬁ}/2> 5
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION

where the imaginary part yields

! _
5= (Im? = 1nf?) = tm(G} + RL7,/%)

IA

HG1 +R

—1 /2 H

IA

ot +mif+ \

_1 12 1 1 1
=5 (o] + & +2G1 R}

Joi |+ [+ 3 (i +||%H)

—1/2 H

2
77u+77u

IA

By employing (3.35), (3.58)—(3.61),
61 = 121 (e 1+ ey 1) + (19, %o + IV o + 19, 10) 12421
= C (Imil + 18n) + € (22 + 1),
Plugging (3.46) and (3.63) into (3.62) gives
o= (I = 12 = € (ndI? + n0I7) + € 4+ 14132

Since the initial value ng =0, (3.64) leads to

aslongas v < t; :=1/(2Cy). Since 0 < T < 1, we then conclude that

< Ct(z? + W,

1
Mu

< IEM + Iyl < C(2* + K<),

u

Again, using 172 = 0 and (3.65) gives

IDnll =+ | = c 4 n,

Um
Based on (3.4), (3.35) and (3.65), there exists s, such that when h < h,,

luplloo < IRu oo + IIRyu! — upllog < IR log + Ch~ inyll < D, + C,h < D, + 1.

19

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)
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20 H.LIU ET AL.

Step 2. In this step, we prove the following estimates

|e2] = (2 + 1), (3.68)
D2l < C( 2 hk+1)

M| <C (77 + : (3.69)
max en+1/2H < C(t2+hk+1), (3.70)
1<n<2 v -
max ei;“/zH < C(z2 4 Ky, 3.71)
1<n<2

Taking the difference between #; and ¢, of (3.43a) with n = 1 leads to

(m3/? = ng2w) = (S5 = $%vy) + (11 = 0w, (3.72)
By Lemma 3.3 and (3.67), it follows that
I8 =70 =2 [l P = P = 1P + 1P
<20 = W0l llut — uyl
+ (||u,L||oo 10 et — u0||oo) Hug b =+ ! H
< Cllu' = u®llollefll + Clley, — €l + Cllu® — u®ll g lley, — bl
= Clley — el + Cllu' = il (llef — € + lleg )

1 0 1 0 1 1 0 1
< Clle, — e,ll + Crlle, —¢,ll + Ctlle,ll < Clle, —e,ll + Ctlle,|

< Ct D0 + Criint + Corkt. (3.73)
Note that
sy —s3 = | (st — & + &) - (8- @ +&")|
< HS{ —S?H + Hsi/z —g;”zH. (3.74)

By using the Taylor expression at #; and the regularity assumption (3.34),

st = st =[ w22 — 20! + 200 — w12 <

1 [B2 )
> / (130 = D", (x, 1) dt
n

10 1 12
+ / (ty — D*¥,,, (x, 1) dt — 3 / (1 — W, (x 0 dt| < CT°. (3.75)
N 3]
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 21

By using the mean value theorem,

3/2 _ w—1/2 3/2 _ w172

32 12 w32 g w32 g

Ig)? — e, 1 =2t | ———— ) -R, [ ————
2T 27

l]/3/2 _ w—l/Z

<C hk+1
=&r 2t

< Colt e )| (3.76)
k+1

where * € (t_l/z, t3/2). Plugging (3.75) and (3.76) into (3.74) leads to
|s3 - 53] = cre 4+, 3.77)
Then, taking v;, = n.) > + 0,/ in (3.72) yields

3/2 —-1/2 3/2 -1/2
g 207 = W 0% = (3 = S0+ 1) = 700) ) + 20,

By (3.56), (3.65), (3.66), (3.73) and (3.77), the following inequality holds

3/2 —1/2
21l < Ny 21+ 1183 — 891 + 1T} — 77
< Ct|D k|l + Crlnk| + Cr(x? + WYy < (2% + W, (3.78)
which together with the projection error (3.3) for ||E3/ 2 || yields
3/2 3/2 3/2
ey 21l < Imy/> 1+ 11821l < Cx2 + K<y, (3.79)

By applying the Lemma 3.4 to the (3.38c) with n = 1, we also obtain the following error estimate
lez?ll < Cliey* | + CHF < e + W, (3.80)
By using the inverse inequality (3.4), (3.35) and (3.78), there exist ;3 > O such that when /& < hj,

3/2
19,21l <IRLE2 o+ 1m0 o < IR, o + Ch /21l < Dy+Cyh < Dy+1,  (3.81)

3/2|| 32

l|® <IR,®¥?|loo + Ch 5y "Il < Dp+Cyh < Dg+1. (3.82)

Taking o, = nu 2in (3.43b) with n = 1 gives

i<Dr 7714’ 773/2> A ( 3/27 ﬁz/z) + <G%9 ﬁi/2> + <R%9 ﬁi/2> )
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22 H.LIU ET AL.

where the imaginary part yields

o= (1m0 = i) = i3 + 3. )

fts |
= letem] 5 [
2
2 2 2 2 2
=5 (|t + [l +2[ <l [ ) + g [+
2 2 2 2 2 2
<[ + ] + 5 (e + iniie). (3.83)

By applying (3.35), (3.79)—(3.82), we have
|63 = 172100 (13714 16571) + (197 oo + IV@ oo + 197 115) 12321
< C(Ilnﬁll + IIm‘,lI) +C(r2+hk+1). (3.84)

Plugging (3.46) and (3.84) into (3.83) gives

A2 2 2,2 1,2 2 k12

o= (Im212 = i) = € (Ind 1+ Iml?) + €2 + B2 (3.85)

T

In view of (3.65), (3.85) leads to

< Ct(r? 4+ W, (3.86)

2
My

aslongas v < 1, := 1/(2C,). Since 0 < t < 1, we then conclude that

< &2 + 2]l < C(x? + K.

u

By using the triangle inequality and (3.86) gives

1
=
B 4

With (3.4), (3.35) and (3.86), there exists h, > O such that when / < Ay,

oy ) < C(z? + K1, (3.87)

+|

1
2 2
1D nl = — | m

il < IR g + IR — i1l < IR Nl + ChImG Il < D, + 1. (3.88)
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION

Next, we take the difference between ¢, and ¢; of (3.43a) withn = 2 and v;, = 173,/2 + 0y,
yields
5/2 1/2 5/2 1/2
13202 = 212 < (153 = S5+ 173 = 710 1ny” + ng 1.

Similar to (3.73)-(3.77), by applying Lemma 3.6, (3.66), (3.67), (3.87) and (3.88), we have

s (- 7 455%) - (-8

=[st-sif+ HS” a
< Ct(t? 4+ K,
and
1T} = T{ | < CTIDnzll + CTIDomyll + Crlim | + Ceht! < €@ + K,

By combining with (3.57), (3.89) and (3.90), we have

I 1< g1+ 1183 = SYI + 177 = T < C? 4 H,
With the projection estimate (3.3), we get

2 < ca? i,

5/2 5/2
eyl < ling/ 1l + g
Applying the Lemma 3.4 to the (3.38c) with n = 2, it holds

lell < Clley?ll+ CHA Y < e + W,

Step 3. We assume that the estimates in (3.48)—(3.50) hold for 0 < n < m with m > 2 as follows

max ||e || < C(r +hk+1)

0<n<m

max D | < C(r +hk+])

1<n<m

1/2
max er‘;r / H <C (12 +hk+1),
0<n<m
1/2
max egj / ” < C(1:2 +hk+1).
0<n<m

23

which

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)
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24 H.LIU ET AL.

By using (3.35) and the inverse inequality (3.4), there exists 45 > 0 such that when & < ks, it holds for
0<n<m,

luplloo < IRyl +1 <D, + 1, (3.98)
12 < IRV +1 <Dy +1, (3.99)
@) < IR, @™ 2| +1 <Dy + 1. (3.100)

Next, we establish that the estimates (3.94)—(3.97) also hold for n = m + 1. Taking the difference
between (3.43b) at 7, and 7,,_, that gives

WD T — Do wy) = Ay — 32 W)
G Gy + R — R0

= %AO(DTnZHl + 2Dr;7;” +Dr77:,n_1,a)h)
+ (G = G )+ (R - RY ),

which can be written pointwisely as

u u u u

1 -1 _.T 1 —1 1 1
Doyt = Dot =2 (Dont*! 42D + Doy 1)+ 1 1 (3.101)

where 7" = —iP, Ry — RN, Iy = —iP, (G — G7'7!) and Py, : L2(2) — V§ denotes
the L? projection. By applying S;l to (3.101) and using the operators introduced in (3.20), (3.21) and
(3.25), it follows

2

D™ = B, —TD. + B D +8,1 > (3.102)
j=1

Applying Lemma 3.6 to (3.102) gives

u

1D, 7+ D = 2 | Sy (Do)

+2 Hsh(Drn;)

m
23 (It ). G303
n=2

Step 4. In this step, we use the standard integral remainder of Taylor expansion to estimate || FI"H || and
| F2"+1 | in (3.103) based on the regularity assumption in (3.34). By definition,

It <Ry — Ry < IR — RN 4 1D, gMT — D, (3.104)
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 25
+1 +1 —1
15700 <IGT™ = Gyl (3.105)
We first estimate || 1“]"+l I. From (3.37), we obtain

IR — Ryl < | @Y = Dot — P = Doty

i HA(ﬁn—H/Z S Ve Ve un—1/2)H
i H (D2 Ly () 4 w2y (12 gt l/2y

— (@2 4 V(@) + w22 — 1)) H (3.106)
Next, we apply the Taylor expression to each term in (3.106) at z,,. For the first term, it follows

H(M:I-H/Z_D W — W 12

172 —12 1 _
u:w/ e / __(un+l_2un+un 1)
T

1 tnt1/2 1 In—1/2
H (tyy1y2 — n? Uy (1) A1 — %N

(t—1)p — t)2”tm([) dr

1 Iny1 3 1 1 In—1 3
TR / (g1 — D7ty (D) dt — TRl / (t,—1 — 71, (6 dt
! t

16/ (1—9%u,, (r + ds+—/ (1-s7 umz )ds

T T
_F/o (1 — $)%u,,, (1, + ts)ds — F/0 (1 = $)3u,, (1, — ts)ds

< Ct3. (3.107)

For the second term, it holds

HA(—n-H/Z W2 g2 4 un—l/Z)H

1 1 Int1 Int1/2 5
< Hz X o /t (i t) u,(t)dt — — / (T 2= 1)“u,,, (1) dt
1 1 -1 h—1/2 2 3
+§ X i g ,_ t) u, () de + — o (t,H/2 — D7, () dt o <Crt’. (3.108)
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26 H.LIU ET AL.
For the third item, it follows
H (D2 Ly 2y 2 /2y @12y 12y 12 ﬁn—l/Z)H

< H¢n+1/2+ Vi) + lpn+1/2H
oo

W2 gt/ 172 g2 H

4 ” (@2 _ =172y L (gnt1/2 q,n—l/Z)Hoo W12 172 H . (3.109)

Similar to (3.108), it holds
V2 12 H < e, (3.110)
WV g2 pe1/2 =12 H < Crl. (3.111)

In addition, Taylor’s theorem and the regularity assumption (3.34) imply

In+1/2 In+1/2
H (@12 _ pn=1/2y 4 (gnt1/2 _ 111”‘1/2)” = / P,(s) ds +/ Y, (s)ds| <Cr.
o0 th—1/2 In—1/2 00
(3.112)
Therefore, using (3.107)—(3.112) and the regularity assumption (3.35), we conclude
|Ri =Rl < 7. (3.113)

Moreover, by using the projection error estimate (3.3), it follows

n+1 n n—1 n—2 n+1 n n—1 n—2
”Dén"-l_D%_n_]”_‘Rh(u — U —u +M )_u —Uu —u +M
™>ou ™>ou -

T T
1 T tht+s
<C- / ( / IRyt (1) =,y (0) dt) ds < CthFH!, (3.114)
T Jo th—2+s
where we have used
T th+s
Wyt =/ (/ u,, (f) dt) ds. (3.115)
0 th—2+s

(3.113) and (3.114) together with (3.104) imply

I < IRIEY — RYN + IRY — RN + 1D, &M — DgM Y < Cr(e? + W, (3.116)
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 27

Next, we estimate || F2”+1 |. From (3.39), it follows

Grll+1 _ Gr]z—l H < H (@22 lp:-‘rl/zﬁZ'f‘l/z) — (@2 W 3/2—n 312y H

— — 2 — —n—3/2
F IV o | @12 =) — @2 - |

+ H (/212 ‘DZH/zﬁZH/Z) — ("33 @21173/2&273/2) H '

(3.117)
For the first term in (3.117),
H (w22 w}:z+1/2ﬁz+1/2) — (w33 l1,:—3/252—3/2) H
< H (W12 gn=3/2y n=3/2 _ ﬁzfs/z) ” n H (w2 W;+1/2)(ﬁn+l/2 — @32y H
n ﬁZ—3/2(q/n+1/2 _ygn3/2 _ l1,n+1/2 T lpn 3/2) H
et @2 @ — a2 @ S = K Ky K 4K (3.118)
By the Taylor expansion, the split (3.40), (3.41) and the projection errors, it is easy to obtain
Ct n—1 n—2 n—1 n—2 n—1 n—2 k+1
o AR H <cCo (Ilnu I+ 2 I|) + T, (3.119)
n+1 ny _ (1 n—2
Ky < |02 - a2 ‘ W™ +u) 2(” LLAND) Py (2 4+ 1), (3.120)
where we have used (3.96). By (3.98), and using the mean value theorem, it holds
%_n+1/2 %_n 3/2
<C||e"+1/2 S 3/2” < Cllﬂn+1/2 e 3/2” L Cr
<Cly™? =0y 4 conkt1, (3.121)
Then, taking the difference of (3.43a) between two time levels and using (3.41) yields
a2 =3 ) = (S =S ) + (T =T ). (3.122)
Similar to (3.73) and (3.77), it follows
Ty — 1771 < CTlIDnjll + Celinfll + Ch*t, (3.123)
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28 H.LIU ET AL.
s3—5i7!| = co® Ak, (3.124)
. n+1/2 n—=3/2 . . . . .
By setting v, = ny, — Ny in (3.122), applying Cauchy—Schwartz inequality, and using (3.123)

and (3.124),

1/2 -3/2 — _
a2 =2 < 188 = SN T — T < Co (1D + ) + Cr(a? + A,

(3.125)
Plugging (3.125) into (3.121) gives
K3 < Ct (ID, ]l + llnfyll) + Ce(z® + K. (3.126)
By (3.44) and (3.99), K, in (3.118) gives
K, <C|@*\? —a*'?) — @2 — 5 ”
<Cr ”Dreﬁ"H +2D, el + D, e H
<ct ([ponit!| + ol + | Do) + contt. (3.127)

Plugging (3.119), (3.120), (3.126) and (3.127) into (3.118) implies
H (22 W;+1/2ﬁz+1/2) — (3 l1,573/2%273/2) H

< Co (D I+ 1D 12l + I~ I+ Il W™ 0+ =2 + Cr(e® + 44,
(3.128)

Similar to K in (3.127), the second term in (3.117) yields

12— a2 < o (|pontt| + |Deni]| + Do ') + conttt Ga29)

u u

Similar to (3.118), the estimate of the third term in (3.117) is given by

H (@212 _ 2 l/2y  (on=3/2gn=3/2 _ on=3/2gn=3/2) H

< Co(@® + B 4 Co (1D 1+ 1D+ 1D~ I+ Tl + ™+ 21
(3.130)
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Thereby, by (3.128), (3.129) and (3.130), it holds

1 < |

&t = ot = o (il + I+ )
+C (1D + UD 4+ 1D~ M) + Cr(e? + 1),

Step 5. In this step, we show that the estimates (3.94) and (3.95) hold for n = m + 1, that is

”egﬂn <cC (12 +hk+1)’

Taking n = 0 in (3.43b) and using (3.19) and ng = O yield

Sl p) = (G 0y) — (RL0,),
which by taking o, = Shn,l in (3.134) and using the estimates (3.46), (3.63) and (3.65) yields
ISl < v (IGHI+ IR3]) < Co(e? + k).
Using ng = 0 again gives
1S, D )l = %“Shn;” < C(r2+nh),

Moreover, it also holds

ISl < Tyl + €z (1631 + 1R31) < 12, = Sl + Cx (163 + IR3]))
< 2l + I1Sumall + Cr(x? + K,
where we have used (3.46), (3.65), (3.80), (3.135) and
— 3/2 3/2 3/2 3/2 —
163 = 1721 (e 0+ 1eg1) + (19 e + IV o + 1957 10) 1221

= C(In2l+ Inpll) + € (22 + 1)

29

(3.131)

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

(3.138)
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30 H.LIU ET AL.

Similar to (3.64), by using (3.46) and (3.138), it holds

o= (1202 = k) = 16} + .2 < | 6} + 3| [
<zlet+ml 5 e
=5 (It + [ +2 e )+ g o2 il
<|a + =] + 3 (2 + i)
= C(In2IP + I I7) + O + B2 (3.139)
Aslong as T < 13 := min{t;, 1/(2C)}, plugging (3.65) into (3.139) implies
12l < Ce(z? 4+ K. (3.140)
Then, it holds
ISumall < Cr(z 4+ K. (3.141)
By using (3.135) and (3.141),
18,0l =+ (18,720 +18,mll) = e 4 ), G.14)

Plugging (3.116), (3.131), (3.136) and (3.142) into (3.103) and using initial estimates in Step 1 yield

Do+ 1D < Co S (Il + 1D+ 1D, + €2 4. 1a3)

n=1
Setting w;, = ﬁZH/ Zin (3.43b), and taking its imaginary part give
(||77u+1 ”2 ”nZHZ) — Im <G7+1,ﬁz+1/2> + Im <Rg+l’ﬁﬁ+l/2>

1
Gn—HH n+1 n - ‘
<5 Jar o+ 5

Rt g (3.144)
Similar to (3.63), we have
1G5 = (197 g + 1Vl + 1957210 ) 1512
+ ”—n+1/2”00 (II n+1/2” 4l n+1/2”) < C(”nnJrl I+ IInZII) L C(? +hY, (3.145)

where we have used the boundedness (3.99) and (3.100), and the estimates (3.96) and (3.97).
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 31

Applying (3.46) and (3.145) upon simplification, (3.144) gives

1
AR THESS

G|+

R < cx (4 i) + Co (2 4+ #41), Guade)

which upon summing up (3.146) from n = 1 to m leads to

m
It gl + € (22 + A1) e 3 (it i) (3.147)

n=1

The summation of (3.143) and (3.147) yields

m
I+ 0D 4+ 1D, < € (I 4+ 1D i+ IDrl) + CCe? + B,
n=1

(3.148)

By Gronwall’s inequality in Lemma 3.2, there exists 7, > Oindependent of m such that when 7 < 1,

I+ D+ 1D ) < € (72 4+ 441, (3.149)
where C depends on T and is independent of m. The estimate (3.149), together with the projection error,
implies the estimates (3.132) and (3.133).

Step 6. Last, we show that (3.96) and (3.97) also hold for n = m + 1. By (3.4), (3.35), (3.147), and
7 < Ch, there exist hg > 0, depending on T, but independent of m such that when & < hg,

luf o < IR oo + Ch Y™ < D, + C,h < D, + 1.

u

Setting v), = nfll,ﬂ/z + 77;_3/2 in (3.122) gives

1/2 -3/2 _ _
™20 =l < 1S5 = ST+ 1T = TP < Ct (IDn + D) + Cr(x? + K<Y.
(3.150)
Summing up (3.150) fromn = 1ton = m + 1 gives
m+1
g P21 < €0 D7 (1Dl + Inpl) + €2 + Y < o2 + i+, (3.151)
n=1

where we have used (3.56), (3.57), (3.94), (3.95) and (3.96) with n = m. The estimate (3.151) together
with the projection error implies

3/2 3/2 3/2
ey ™20 = e + iy < (224 ). (3.152)
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32 H.LIU ET AL.

Lemma 3.4, (3.152) and (3.38c) further give

1emT32) < et + crttt < o2 + .

Therefore, the estimates (3.94)—(3.97) hold forn = m+ 1, if 7 = max{r,-}f: and by = min{hj}?: >
which depend on T, but are independent of N. This completes the proof. U

4. Extension

The model equation (1.1) without the self-repulsion term |u|?« and the external potential will degenerate
to the SP equation with constant coefficients (Athanassoulis et al., 2023)

i, = —aAu+ Bou, (x,1 € 2 x (0,T], (4.1a)
AP = u*> —¢, xe £, (4.1b)

u(x,0) = ug(x), xe 82, (4.1c)

u(x,t) =0 and @x) =0, xe€ds2, (4.1d)

where the parameter « > 0, 8 € R.
Introducing an auxiliary variable ¥, the system (4.1) can be equivalently expressed as

v = ul?,
iu, = —aAu+ Bou, (4.2)
AD =V —c.

Then, the proposed relaxation FEM (2.21) for the nonlinear SP equation (1.1) reduces to the Besse-style
relaxation Crank—Nicolson FEM (Athanassoulis et al., 2023),

(w2 w2 = (22,) . Yy € Vi (4.3a)
i<DruZ+l,wh> = aA, (ﬁz“/z,wh) +B <¢Z+I/ZEZ+1/2,wh>, Vo, € V¢, (4.3b)
A, (q),’j“/z,xh) —_ ((wh”“/2 - c),xh) . VY, €V, (4.3¢)

The following results hold for the scheme above.
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RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 33

LemMa 4.1. (Athanassoulis et al., 2023) For any t > 0, the relaxation Crank-Nicolson FEM (4.3)
satisfies the discrete conservation for both mass and modified energy with 0 < n < N — 1, respectively

M+ = MY, (4.4)

Eft =K, (4.5)

where the mass MZH = /o |uz+l |2dx, and the modified energy

B

EF = aA@T Wt 4 EA(qﬁ,’j””, o),

Following the convergence analysis of the proposed scheme (2.21) for the nonlinear SP equation
(1.1), we can extend the current error estimates to the scheme (4.3) for the SP equation (4.1). More
specifically, we derive the following results.

THEOREM 4.1. Suppose that u, ¥ and @ satisfy the regularity conditions (3.34). If t < Ch, then there
exists a constant 7, > 0 and i, > 0 such that when time step 7 < 7; and mesh size i < A, the solutions
of the relaxation Crank—Nicolson finite element scheme (4.3) satisfy the following estimates

max ||t H <cC (rz + h"“), (4.6)
0<n<N-1

max eyt < o (), @.7)
0<n<N-1

max gt < o+, 4.8)
0<n<N-1

The proof is similar to that of Theorem 3.2, thus we omit it here.

ReMARK 4.2. The proposed method and the error analysis also have the potential to be applied to other
types of equations, such as the Gross—Pitaevskii—Poisson equation (Verma et al., 2021) and the Gross—
Pitaevskii—Poisson system (Sakaguchi & Malomed, 2020). The Gross—Pitaevskii—Poisson equation
incorporates a nonlocal mean density and additionally conserves the momentum, adding complexity
beyond (1.1), while the Gross—Pitaevskii—Poisson system involves the interaction between positive and
negative bosonic ions. We leave these explorations for future work.

5. Numerical experiments

In this section, we present numerical experiments to validate our theoretical analysis. This includes an
examination of the convergence rates and the conservation properties of the relaxation Crank—Nicolson
FEM. All numerical examples are implemented using the FEALPy package (Wei & Huang, 2017-2025).
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34 H.LIU ET AL.

TasLE 1 Time discretization errors with T = 0.1 and V (x|, x,) = V,(x{,x,)

T 1.0e-02 5.0e-03 2.5¢-03
' — w7 6.3247¢-03 1.5870e-03 3.9710e-04
Order - 1.99 2.00

TaBLE 2 Spatial discretization errors with T = 0.1 and V (x|, x,) = V,(x;,x,)

k=1 1.8851e-02 - 4.7363e-03 1.99 1.1856e-03 2.00
k=2 6.4115e-04 - 8.0828e-05 2.99 1.0144e-05 2.99

We consider the two-dimensional SP equation on 2 = [—8§, 812,

1
i, (x,x,,1) = —EAM + D (xq, X%y, D+ V(xy,x)u + |u|2u, (x,x,) € £2,

—AD(x,x. 1) = [ul* — 1, (x.x,) € £2,
u(x],x29t) = O& (xl,)Cz) € 899 (51)
D(x1,%5,1) =0, (x1,x,) € 082,

—x24x2

e 2(xl +ixy), (x,x) € £2.

u(xy,xy,0) = ug(xy,x,) = !

Varm
Here, we consider three different external potentials V(x,x,) = V;(x[,x,),i = 0, 1,2 with V(x,x,) =
0, Vy(x;,xy) = X%erx% and V, (x;,x,) = x%gx%.

Test case 1. To validate the accuracy and convergence rate of the relaxation Crank—Nicolson FEM,
we take the Q% polynomials with k = 1,2. As the exact solution is unavailable, we compute the time
discretization errors as ||u£/ - uz/ @7) |, where uz/ ¥ is finite element solution at 7 = T with time step 7.
Table 1 reports the time discretization error in L? norm and the order of accuracy, utilising a sufficiently
small fixed spatial mesh size. Based on the obtained results, it is evident that the proposed method exhibits
second-order accuracy in time.

Test case 2. In Table 2, we compute the spatial discretization errors ||uyc- — uypc || between the two-
level approximations at final time 7 = 0.1 with a sufficiently small fixed time step, where u,,~ denotes the
numerical solution on NC x NC meshes. It is observed that the proposed method demonstrates (k + 1)th
order accuracy in space.

Test case 3. Subsequently, we apply the proposed method using a mesh with NC = 80 for spatial
discretization and a time step of T = 2 x 1073, based on Q? polynomials, to verify the performance of
our numerical scheme in preserving mass and energy conservation properties. For0 <n < N — 1, we
define the mass change and energy change as follows:

M, (t,) — M, (0)
M,,(0)

E,(t,) — E,(0)

Mass Change =
E,(0)

,  Energy Change = ‘ 5.2)

920z Asenuep g uo Jasn osed |3 1e sexa] Jo AlsioAlun oyl Aq LOSELY8//LL LiBIp/WwNUBWI/SE0L 0 |/I0p/a|0Ie-aoueApe/eulewl/woo dnoolwepese//:sdiy Wol) papeojumod



RELAXATION CRANK-NICOLSON FEM FOR SP EQUATION 35
102
10" M X
[} v A *AF KON N
o o n K 2\ \ \ *lx A4 -
c € Al T Y Y e
1
2 0 N *
o O e ¥ \
> ¥ y
172 o :I
n 10 b H
© 8 v
= w {
: . : : : : : : 1o v v ' : . i ' T
0 1 2 3 4 5 (] 7 8 9 10 0 l 2 3 4 5 6 7 8 9 10
t t
FiG. 1. Evolution of the mass and modified energy with V(xy,x3) = Vp(x1,x2).
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FiG. 2. Evolution of the mass and energy with V(x1,x2) = Vi (x1,x7).

The discrete mass and energy, as defined in Lemma 2.2, are computed for V(x;,x,) = V;(x{,x,),
with i = 0, 1,2, and the changes in mass and energy are illustrated in Figs 1-3, respectively. Although
the case with V (x|, x,) = V,(x,x,) shows a relatively larger energy error compared with other cases, as
seen in Fig. 3, the results suggest that both mass and modified energy are well preserved at the discrete
level for all cases.

For cases of V(x,x,) = Vj(x;,x,) and V(x;,x,) = V,(x;,x,), we also compute a direct
approximation of the original energy in (1.3) at ¢,, defined as

- 1 1 - 1
E; :=/ SIViG? 4+ — VO + V@i + st ) dr, 0<n <N, (5.3)
o \2 2u 2
where
+1/2 —1/2
én — ®}’: + @Z
h 2

For both cases, the changes in the approximated original energy E", defined similarly to the energy
change in (5.2), are also shown in Figs 2 and 3. Although the changes in the directly approximated
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FiG. 5. The patterns evolution of the wave function |u(x, x2,#)| with V(x1,x3) = V| (x1,x2).

original energy are relatively larger than those of the modified energy, the original energy remains well
preserved in both cases.

Test case 4. We present the evolution of the solution in Figs 4-6 for the external potentials V (x, x,) =
Vi(x1,x,), i =0, 1,2, respectively, using a mesh with NC = 80 and a time stepof 7 =1 x 103, based
on Q? polynomials.

We first conduct numerical tests for the case with a zero potential, i.e., V(x;,x;) = Vy(x1,x,).
Figure 4 shows the patterns of the wave function |u(x,y,#)| at time r = 0,5, 10, from which we can
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Fi1G. 6. The patterns evolution of the wave function |u(x1, x2, f)| with V(x1,xp) = Vo (x1,x2).

find that the pattern of the initial solution has evolved, but not significantly, and the pattern evolves
around the center of the pattern.

Next, we introduce different external potentials under the same conditions to observe the resulting
changes in the solution. This allows us to evaluate the performance of the proposed numerical method
by comparing our results with similar findings in the literature.

We present the evolution of the solution in Fig. 5 with potential V(x,x,) = V| (x;,x,) attimes ¢ = 0,
t = 5 and t = 10. With the external potential V;, the solution exhibits a pattern similar to that seen with
zero potential. Notably, the pattern with V{, at # = 10 (see Fig. 4(c)) and the pattern with V; at¢ = 5
(see Fig. 5(b)) are quite similar. This suggests that the external potential V,; accelerates the evolution of
patterns, particularly around the center of the pattern, compared to the zero potential case. Additionally,
similar patterns of evolution to those in Fig. 5 were also observed in (Wang et al., 2018).

We also introduce a different external potential V(xy,x,) = V,(x{,x,) for problem (5.1). The
evolution of patterns is presented in Fig. 6 at different times from ¢ = 0 to # = 10. Under the influence
of the external potential V,, the patterns are driven away from the center, and similar patterns were also
observed in (Yi & Liu, 2022).

Test case 5. We compare the performance of the proposed relaxation Crank—Nicolson finite element
algorithm (2.21), or Algorithm 2.1, with the IM from (Yi & Liu, 2022) by solving the SP problem (5.1)
with V(x;,x) = V,(x1, x,).

First, we compare the performance of Algorithm 2.1 with that of the IM using DG discretization
(IM-DG) from (Yi & Liu, 2022). The parameters are set as follows: time step T = 0.001, mesh size
NC x NC = 80 x 80 and Q? polynomials. In the DG discretization, the penalty parameters are By =10

920z Asenuep g uo Jasn osed |3 1e sexa] Jo AlsioAlun oyl Aq LOSELY8//LL LiBIp/WwNUBWI/SE0L 0 |/I0p/a|0Ie-aoueApe/eulewl/woo dnoolwepese//:sdiy Wol) papeojumod



38 H.LIU ET AL.

TaBLE 3 The computational time with T = 10 and V(x,x,) = V,(x1,X,)

Algorithm 2.1 IM-DG IM-DG
(linear, no iteration) (Tols = 1071) (Tols = 1079)
33411.52s 195226.01s 407897.47s

-#&- IM-DG(Tols=10"1)
-#- IM-DG(Tols=10"°%)
-4~ Algorithm 2.1

10” W’\W»“ S

Mass Change
k‘i’
hY
%
%
i
1
i
Energy Change

E ket Sdaie PR
A S W W Wy
i *
F 10 / =§= IM-DG(Tols=10"")
*/ -. F.‘l oy bl —& IM-DG(Tols=10"5)
b4 —14 | %X ~%- Algorithm 2.1
Vo 107" * Algor
10754" 'i'. .
n 10
0 1 2 3 4 5 6 7 8 9 10 0 1 2 B 4 5 6 & 8 9 10

Fic. 7. The patterns evolution of the mass and energy for Algorithm 2.1 and IM-DG with = 0.001.

and B8, = 1/12. For the IM-DG method, the iteration is terminated when the prescribed tolerance (Tols =
10~! or 1079) is reached. The corresponding solution patterns at r = 10 are shown in Fig. 8(a,b), and they
are comparable to that of Algorithm 2.1 as shown in Fig. 6(f). The corresponding CPU times of Algorithm
2.1 and IM-DG is reported in Table 3, showing that Algorithm 2.1 is significantly more efficient, while
the IM-DG method requires substantially more computational time. The evolution of mass, modified
energy, and original energy is presented in Fig. 7. Both methods conserve mass well. Algorithm 2.1
preserves the modified energy with high accuracy, and the original energy is also conserved, though
with a slightly larger error. In contrast, the IM-DG method exhibits noticeably larger relative errors in
conserving both the modified and original energies compared to Algorithm 2.1.

Secondly, to eliminate the influence of the DG discretization and to provide a fairer comparison with
Algorithm 2.1, we consider a IM-FEM variant, obtained by replacing the DG discretization in IM-DG
from (Yi & Liu, 2022) with the FEM. This modification allows a larger time step for IM to produce a
comparable final pattern. Specifically, we consider the time step both t = 0.001 and 7 = 0.01, mesh
size NC x NC = 80 x 80, and employ Q? polynomials for both Algorithm 2.1 and IM-FEM. In IM-
FEM, the iteration is terminated either after two fixed steps or upon reaching the prescribed tolerance
(Tols = 10~! or 107%). The solution patterns at r = 10 with time step t = 0.01 are presented in
Fig. 8(c—f), and they are comparable to the pattern obtained by Algorithm 2.1 with time step T = 0.001,
as shown in Fig. 6(f). The corresponding CPU times, reported in Tables 4 and 5, indicate that Algorithm
2.1 is the most efficient, while IM-FEM requires at least twice as much CPU time of Algorithm 2.1.
The evolution of mass, modified energy and original energy is presented in Figs 9 and 10. Both methods
conserve mass well. Algorithm 2.1 preserves the modified energy with high accuracy, while the original
energy is also conserved, albeit with slightly larger errors. In contrast, Figs 9 and 10 demonstrate that
IM-FEM requires a smaller time step and smaller iteration tolerance to preserve its modified energy, and
it exhibits larger relative errors in conserving the original energy.
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Fic. 8. The patterns of the wave function |u(x1,xp,1)| at t = 10 with V5 (x1,x2).

TaBLE 4 The computational time at T = 10 with T = 0.001 and V(x;,x,) = V,(x{, %)

Algorithm 2.1 IM-FEM IM-FEM IM-FEM
(linear, no iteration) (two-step iteration) (Tols = 10~ 1) (Tols = 107°)
33411.52s 64815.95s 91914.44s 92866.31s

TABLES  The computational time at T = 10 with T = 0.01 and V (x|, x,) = V,(x1,x,)

Algorithm 2.1 IM-FEM IM-FEM IM-FEM
(linear, no iteration) (two-step iteration) (Tols = 1071) (Tols = 107°)
3488.17s 6397.19s 9334.41s 11717.49s

6. Concluding remarks

A structure-preserving relaxation Crank—Nicolson FEM has been proposed for the SP equation that
contains the self-repulsion |u|?u in the Schrédinger equation and the charge density |u|> in the Poisson
equation, relying on a decoupled system that is equivalent to the original equation. The fully discrete
scheme is linear and is easy to implement without resorting to any iteration method. In addition, the finite
element approximation is demonstrated to be both mass and modified energy conservative, irrespective
of the mesh and time step. Optimal L? error estimates are established for the fully discrete scheme with
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Fic. 9. The patterns evolution of the mass and energy for Algorithm 2.1 and IM-FEM with T = 0.001.
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FiG. 10. The patterns evolution of the mass and energy for Algorithm 2.1 and IM-FEM with 7 = 0.01.

second order accuracy in time and (k 4 1)th accuracy in space. Numerical tests have been presented to
verify the effectiveness and robustness of the proposed method. The proposed relaxation Crank—Nicolson
FEM is a very competitive algorithm for solving the SP equation.

The spatial discretization utilised in this paper is the FEM, it is noteworthy that the DG method (Yi &
Liu, 2022) can also be a viable alternative, in which the Poisson equation can be solved by the direct DG
method (Yin ez al., 2014, 2018). The proposed scheme preserves mass and a modified energy. Developing
efficient numerical methods that preserve the original energy remains an important and challenging
problem, which we leave for future work. In the case of the three-dimensional SP equation, the self-
repulsion term is substituted by |u|*/3u. Extending the current findings to encompass this scenario could
be an intriguing direction for future research, which we intend to pursue.
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