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ARTICLE INFO ABSTRACT
2000 MSC: In earlier work [H. Liu and Z. Wang, J. Comput. Phys., 328(2017)], an arbitrary high-order con-
35K40

servative and energy-dissipative direct discontinuous Galerkin (DDG) scheme was developed. Al-

Z:xig though this scheme enforced solution positivity using cell averages as reference values, it lacked
82C31 a theoretical guarantee for the positivity of those cell averages. In this study, we develop a novel

arbitrary high-order DDG method with rigorously proven positivity-preserving properties. Specif-
Keywords: ically, the positivity of the cell averages is ensured through a modified numerical flux in combina-
Poisson-Nernst-Planck equation tion with forward Euler time discretization. To achieve point-wise positivity of ion concentrations,
Positivity preserving we introduce a hybrid algorithm that integrates a positivity-preserving limiter. The proposed

Discontinuous galerkin methods method is further extended to higher-dimensional problems with rectangular meshes. Numerical

results confirm the scheme’s high-order accuracy, guaranteed positivity preservation, and consis-
tent discrete energy dissipation.

1. Introduction

This work continues our project, initiated in [1], aimed at developing a rigorous structure-preserving discontinuous Galerkin (DG)
method for the Poisson-Nernst-Planck (PNP) equations. In this paper, we focus on the PNP system given by

0,¢; =V -(Ve; +qie;Vy), x€Q, 1>0, i=1,m, (1a)
m
—Au/:Zq,-c,»+p0, x€Q >0, (1b)
i=1
) dc; d
0. %) = c"(x), x€Q — +g2L =0 onoQ, t >0, (10)
! on on
oy
W =wp ondQp, and$=a ondQy, >0, (1d)

where ¢; = ¢;(t, x) represents the concentration of the i"” ionic species with charge g;, and is subject to the given initial and boundary
conditions. The electrostatic potential y = y/(t, x) is governed by the Poisson equation, with Neumann boundary conditions prescribed
on dQ, and Dirichlet boundary conditions on dQ,. Here, Q ¢ R? denotes a connected closed domain with a smooth boundary 9Q, n
is the unit outward normal vector on 0Q.
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\begin {align}&\partial _t c_i= \nabla \cdot (\nabla c_i+q_ic_i\nabla \psi ), \quad x\in \Omega , \; t>0, \quad i=1,\cdots , m,\\ &-\Delta \psi = \sum _{i=1} ^m q_i c_i + \rho _0, \quad x\in \Omega , \; t>0, \\ &c_i(0,x)=c_i^{\rm in}(x), \quad x\in \Omega ; \quad \frac {\partial c_i}{\partial \textbf {n}}+q_ic_i \frac {\partial \psi }{\partial \textbf {n}} =0 \mbox {~~on~} \partial \Omega , \; t>0,\label {PNPc} \\ & \psi =\psi _D \mbox {~~on~} \partial \Omega _D, \mbox {~~and~} \frac {\partial \psi }{\partial \textbf {n}} =\sigma \mbox {~~on~} \partial \Omega _N, \quad t>0, \label {PNPd}\end {align}


$c_i=c_i(t, x)$


$i^{th}$


$q_i$


$\psi =\psi (t, x)$


$\partial \Omega _N$


$\partial \Omega _D$


$\Omega \subset \mathbb {R}^d$


$\partial \Omega $


$\textbf {n}$


$\partial \Omega $


\begin {align*}\partial _t c_i=\nabla \cdot (c_i \nabla p_i), \quad p_i =q_i \psi +\log c_i, \; \; i=1, \cdots , m,\end {align*}


$\psi $


$p_i$


$w=p_i$


\begin {align}\label {flux_intro} \widehat {\partial _n w}:=\beta _0 \frac {[w]}{h} +\{\partial _n w\}+\beta _1h[\partial _n^2\thinspace w].\end {align}


$n$


$[q]=q^+-q^-$


$\{q\}={(q^++q^-)}/{2}$


$q^+$


$q^-$


$q$


$\beta _0$


$\beta _1$


$p_i=q_i \psi +\log c_i$


\begin {equation}\widetilde {\partial _n p_i}=\widehat {\partial _n p_i} + \frac {\widetilde \beta }{2}[c_i]. \label {mflux_intro}\end {equation}


$\tilde \beta $


$\displaystyle {\widetilde \beta }[c_i]/{2}$


$\bar c_{ij}$


\begin {equation*}\bar c_{ij}^{n+1} = \bar c_{ij}^n + \frac {\Delta t}{\Delta x} \{c_{ih}^n\} \left (\widehat {\partial _x p_{ih}^n} + \frac {\widetilde {\beta }_{i}}{2}[c_{ih}^n]\right )\Big |^{x_{j+\frac 12}}_{x_{j-\frac 12}},\end {equation*}


$\bar c_{ij}^n$


$\bar c_{ij}^{n+1} > 0$


$c_{ih}^{n} > 0$


$\rho _t =\nabla \cdot (\rho \nabla \delta _\rho E)$


$E$


$\rho _t =\nabla \cdot (\rho \nabla p)$


$p= \delta _\rho E$


$\rho _t =\nabla \cdot (\rho \xi )$


$\xi = \nabla \delta _\rho E$


$\Omega = [a, b]$


$\{I_j\}_{j=1}^N$


$I_j =(x_{j-1/2}, x_{j+1/2})$


$x_j =(x_{j-1/2} +x_{j+1/2})/2$


\begin {equation*}a=x_{1/2}<x_1<\cdots <x_{N-1/2}<x_N<x_{N+1/2}=b.\end {equation*}


\begin {equation*}V_h=\left \{v\in L^2(\Omega ), \quad v|_{I_j}\in P^k(I_j), j=1, \cdots , N \right \},\end {equation*}


$P^k$


$k$


$h$


$x=x_{j+1/2}$


\begin {equation*}v^{\pm } = \lim _{\epsilon \rightarrow 0}v(x\pm \epsilon ), \quad \{v\} = \frac {v^-+v^+}{2}, \quad [v] = v^+- v^-.\end {equation*}


\begin {align}\partial _t c_i&=\partial _x (c_i \partial _x p_i), \; i=1, \cdots , m, \\ p_i &=q_i \psi +\log c_i,\\ -\partial _{x}^2\psi &=\sum _{i=1}^m q_ic_i +\rho _0(x).\end {align}


$\Delta t$


$c_{ih}^{n+1}, \psi ^{n+1}_h \in V_h$


$v_i, r_i, \eta \in V_h$


\begin {align}& \int _{I_j} \frac {c_{ih}^{n+1}-c_{ih}^n}{\Delta t} v_i dx =-\int _{I_j} c_{ih}^n \partial _x p_{ih}^n \partial _x v_i dx +\{c_{ih}^n\} \left ( \widehat {\partial _x p_{ih}^n}v_i + (p_{ih}^n-\{p_{ih}^n\}) \partial _x v_{i}\right )\Big |_{\partial I_j}, \label {dgEulera}\\ & \int _{I_j}p_{ih}^n r_i dx =\int _{I_j}(q_i \psi _h^n + \log c_{ih}^n )r_{i}dx,\\ & \int _{I_j} \partial _x \psi _{h}^n \partial _x \eta dx - \left ( \widehat { \partial _x \psi _{h}^n} \eta +(\psi _h^n - \{\psi _h^n\})\partial _x \eta \right )\Big |_{\partial I_j} = \int _{I_j} \left [\sum _{i=1}^m q_i c_{ih}^n +\rho _0\right ] \eta dx,\end {align}


$\widehat {\partial _x p_{ih}}=Fl(p_{ih})$


$\widehat { \partial _x\psi _{h}} =Fl(\psi _h)$


$Fl$


$x_{j+1/2}$


$0<j<N$


\begin {align}\label {flux} Fl(w):=\beta _0 \frac {[w]}{h_{j+\frac 12}} +\{\partial _xw\}+\beta _1h_{j+\frac 12}[\partial _x^2\thinspace w],\end {align}


\begin {equation*}h_{j+\frac 12}=x_{j+1}-x_j.\end {equation*}


$\partial _x c_i +q_i c_i \partial _x \psi =0$


$x=a$


$x=b$


$x_{1/2}$


$x_{N+1/2}$


\begin {align}& Fl(p_{ih})=0, \{p_{ih}\}=p_{ih}, \{c_{ih}\}=c_{ih}.\end {align}


$\psi $


$\psi (t, a)=\psi _l, \partial _x\psi (t, b)=\sigma $


\begin {align}& Fl(\psi _{h})=\beta _0 (\psi _{h}^+ -\psi _l)/h_{1/2} + \partial _x \psi _{h}^+, \{\psi _{h}\}=\psi _{l}, \quad x_{1/2}=a,\\ & Fl(\psi _{h})=\sigma , \{\psi _{h}\}=\psi _{h}^-, \quad x_{N+1/2}=b,\end {align}


\begin {equation*}h_{1/2}=x_1-x_{1/2}.\end {equation*}


$2\beta _0$


$\beta _0$


$c_{ih}^{{0}}$


$c_{i}^{\rm in}$


$V_h$


\begin {equation}\label {proj} \int _{I_j} c_{ih}^{0}(x) v(x)dx=\int _{I_j} c_{i}^{\rm in}(x)v(x)dx, \quad \forall v\in P^k(I_j), \quad i=1, \cdots , m.\end {equation}


$c_{ih} ^n(x)(i=1, \cdots , m)$


\begin {align}\label {conservediscrete} \sum _{j=1}^N \int _{I_j} c_{ih}^n dx = \sum _{j=1}^N \int _{I_j} c_{ih} ^{n+1} dx, \quad i=1,\cdots , m, \quad \quad t>0.\end {align}


$c_{ih}^n(x)>0$


$I_j$


$\mu ^*>0$


$\mu =\frac {\Delta t}{\Delta x^2} \in (0, \mu ^*)$


\begin {align}\label {fullyDiscreteEnergy} F^n =\sum _{j=1}^N \int _{I_j} \left [ \sum _{i=1}^m c_{ih} ^n{\rm log} c_{ih}^n+\frac {1}{2} \left ( \sum _{i=1}^m q_i c_{ih}^n+\rho _0 \right ) \psi _h^n \right ] dx +\frac {1}{2}\int _{\partial \Omega }\sigma \psi _h^n ds\end {align}


\begin {align}D_tF^n&\leq - \frac {1}{2} \sum _{i=1}^m A_{c_{ih}^n}(p_{ih}^n, p_{ih}^n), \label {fdEuler}\end {align}


\begin {equation*}A_{c_{ih}^n}(p_{ih}^n, v_i) = \sum _{j=1}^N \int _{I_j} c_{ih}^n \partial _x p_{ih}^n \partial _x v_i dx + \sum _{j=0}^N \{c_{ih}^n\} \left ( \widehat {\partial _x p_{ih}^n}[v_i] + [p_{ih}^n] \{\partial _x v_{i} \}\right )_{j+\frac {1}{2}}.\end {equation*}


\begin {align}\label {ff} F^{n+1}\leq F^n,\end {align}


$\beta _0$


$\beta _1=0$


$Fl(\psi _h)$


$c_{ih}^n>0$


$\widetilde {\partial _xp_{ih}}$


$\widehat {\partial _x p_{ih}^n}$


$\partial I_j$


\begin {align}& \int _{I_j} \frac {c_{ih}^{n+1}-c_{ih}^n}{\Delta t} v_i dx =-\int _{I_j} c_{ih}^n \partial _x p_{ih}^n \partial _x v_i dx +\{c_{ih}^n\} \left ( \widetilde {\partial _x p_{ih}^n}v_i + (p_{ih}^n-\{p_{ih}^n\}) \partial _x v_{i}\right )\Big |_{\partial I_j}, \label {fullyPDGa} \\ & \int _{I_j}p_{ih}^n r_i dx =\int _{I_j}(q_i \psi _h^n + \log c_{ih}^n )r_{i}dx, \label {fullyPDGb}\\ & \int _{I_j} \partial _x \psi _{h}^n \partial _x \eta dx - \left ( \widehat { \partial _x \psi _{h}^n} \eta +(\psi _h^n - \{\psi _h^n\})\partial _x \eta \right )\Big |_{\partial I_j} = \int _{I_j} \left [\sum _{i=1}^m q_i c_{ih}^n +\rho _0\right ] \eta dx, \label {fullyPDGc}\end {align}


$x_{j+\frac 12}$


$0<j<N$


\begin {equation}\widetilde {\partial _xp_{ih}}=\widehat {\partial _x p_{ih}} + \frac {\widetilde {\beta }_{i}}{2}[c_{ih}], \label {Pflux}\end {equation}


\begin {equation}\label {defbeta12} \widetilde {\beta }_{i}= \left \{\begin {array}{@{}ll} \frac {|\widehat {\partial _x p_{ih}^n}|}{\{c_{ih}^n\}} \Big |_{x_{j+\frac 12}}, &\text { if } \{c_{ih}^n\} > 0; \\ 0, &\text { if } \{c_{ih}^n\} = 0. \end {array}\right .\end {equation}


$j=0$


$j=N$


\begin {equation*}\widetilde {\partial _xp_{ih}}=\widehat {\partial _x p_{ih}}=0, \quad \tilde \beta _i=0.\end {equation*}


$I_j$


\begin {equation*}\bar {c}_{ij}^{n} := \frac {1}{\Delta x_j}\int _{I_j}c_{ih}^{n}dx,\quad \Delta x_j={x_{j+\frac 12}-x_{j-\frac 12}},\end {equation*}


$\bar c_{ij}^{n+1} > 0$


$c_{ih}^n(x)>0$


\begin {align}\label {CFL1D} & \Delta t \leq \omega _1 \min _{1\leq j\leq N} \left \{ \Delta x_j \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{j\pm \frac 12}} \right \}\end {align}


$\omega _1$


$M \geq \frac {k+3}{2}$


$j=0, N$


$\left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{j+1/2}} = \infty $


\begin {align*}\lambda _j :=\frac {\Delta t}{(\Delta x_j)^2}.\end {align*}


$v_i = \frac {\Delta t}{\Delta x_j}$


$\bar c_{ij}^{n+1}$


$I_j$


\begin {align*}\bar c_{ij}^{n+1} =& \bar c_{ij}^n + \lambda _j\{c_{ih}^n\} \Delta x_j \left (\widehat {\partial _x p_{ih}^n} + \frac {\widetilde {\beta }_{i}}{2}[c_{ih}^n]\right )\Big |_{x_{j+\frac 12}} -\lambda _j \Delta x_j \{c_{ih}^n\}\left (\widehat {\partial _x p_{ih}^n} + \frac {\widetilde {\beta }_{i}}{2}[c_{ih}^n]\right )\Big |_{x_{j-\frac 12}}\\ =& \sum _{m=1}^M \omega _mc_{ih}^n(x_m^*) + \frac {\lambda _j}{2}\Delta x_j \left (\widehat {\partial _x p_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\}\right )\Big |_{x_{j+\frac 12}}c_{ih}^n(x_{j+\frac 12}^+) \\ & \hspace {2.3cm} +\frac {\lambda _j}{2} \Delta x_j \left (\widehat {\partial _xp_{ih}^n} - \widetilde {\beta }_{i}\{c_{ih}^n\}\right )\Big |_{x_{j+\frac 12}}c_{ih}^n(x_{j+\frac 12}^-)\\ &\hspace {2.3cm}-\frac {\lambda _j}{2} \Delta x_j \left (\widehat {\partial _x p_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\}\right )\Big |_{x_{j-\frac 12}} c_{ih}^n(x_{j-\frac 12}^+) \\ &\hspace {2.3cm} +\frac {\lambda _j}{2} \Delta x_j \left (-\widehat {\partial _xp_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\}\right )\Big |_{x_{j-\frac 12}}c_{ih}^n(x_{j-\frac 12}^-),\end {align*}


$M$


$(\omega _m, x_m^*)$


$M \geq \frac {k+3}{2}$


$k$


\begin {equation*}x_1^* = x_{j-\frac 12}, \quad x_M^* = x_{j+\frac 12}.\end {equation*}


$\widetilde {\beta }_{i}$


\begin {equation*}\left (\widehat {\partial _x p_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\}\right ) \Big |_{x_{j+\frac 12}} \geq 0, \quad \left (-\widehat {\partial _x p_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\}\right )\Big |_{x_{j-\frac 12}} \geq 0,\end {equation*}


$1\leq j\leq N$


\begin {equation}\label {cellavg} \begin {aligned} \bar c_{ij}^{n+1} =& \sum _{m=2}^{M-1} \omega _m c_{ih}^n(x_m^*) + \frac {\lambda _j}{2}\Delta x_j \left ( \widehat {\partial _xp_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\}\right )c_{ih}^n(x_{j+\frac 12}^+)\\ &\hspace {2.6cm} + \frac {\lambda _j}{2} \Delta x_j \left (-\widehat {\partial _xp_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\}\right )c_{ih}^n(x_{j-\frac 12}^-)\\ &\hspace {2.6cm}+ \left [\omega _1 - \frac {\lambda _j}{2} \Delta x_j (\widehat {\partial _x p_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\})\right ]c_{ih}^n(x_{j-\frac 12}^+)\\ &\hspace {2.6cm}+ \left [\omega _M - \frac {\lambda _j}{2} \Delta x_j (-\widehat {\partial _x p_{ih}^n} + \widetilde {\beta }_{i}\{c_{ih}^n\})\right ]c_{ih}^n(x_{j+\frac 12}^-)>0, \end {aligned}\end {equation}


\begin {equation*}\lambda _j \leq \min \left \{\frac {\omega _1}{\Delta x_j} \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{j-\frac 12}}, \frac {\omega _1}{\Delta x_j} \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{j+\frac 12}} \right \}\end {equation*}


$2\leq j \leq N-1$


\begin {align*}& \lambda _1 \leq \frac {\omega _1}{\Delta x_1} |\widehat {\partial _x p_{ih}^n}|^{-1}\Big |_{x_{\frac 32}} = \min \left \{\frac {\omega _1}{\Delta x_1} \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{\frac 12}}, \frac {\omega _1}{\Delta x_1} \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{\frac {3}{2}}} \right \},\\ & \lambda _N \leq \frac {\omega _1}{\Delta x_N} |\widehat {\partial _x p_{ih}^n}|^{-1}\Big |_{x_{N-\frac 12}} = \min \left \{\frac {\omega _1}{\Delta x_N} \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{N-\frac 12}}, \frac {\omega _1}{\Delta x_N} \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{N+\frac 12}} \right \},\end {align*}


\begin {equation*}\left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{1/2}} = \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{N+1/2}} = \infty .\end {equation*}


$\omega _1 = \omega _M$


$\log c_{ih}^n$


$c_{ih}^n$


$w_h \in P^k(I_j)$


$w(x) \geq 0$


$\bar {w}_j > \delta $


$\delta $


$w_h^\delta (x) \in P^k(I_j)$


\begin {equation}\label {limiter} w_h^\delta (x) = \begin {cases} \bar {w}_j + \frac {\bar {w}_j - \delta }{\bar {w}_j - \min _{I_j} w_h(x)} (w_h(x) - \bar {w}_j), & \text {if } \min _{I_j} w_h(x) < \delta , \\ w_h(x), & \text {otherwise}. \end {cases}\end {equation}


\begin {equation}\label {afterlim} \min _{I_j} w_h^\delta (x) \geq \delta .\end {equation}


$\delta $


$\bar {w}_j > \delta $


$w_h^\delta $


\begin {equation*}|w_h^\delta (x) - w_h(x)| \leq C(k) \big ( \| w_h(x) - w(x) \|_\infty + \delta \big ), \quad \forall x \in I_j,\end {equation*}


$C(k)$


$k$


$w_h^\delta (x)$


$\delta \leq h^{k+1}$


$S_j$


$I_j$


$w_h(x)$


$S_j$


$\min _{x \in I_j} w_h(x)$


$\min _{x \in S_j} w_h(x)$


$h_{\max } \leq Ch_{\min }$


$C$


$h_{\max }$


$h_{\min }$


$h$


$\widehat {\partial _x p_{ih}^n} \approx \mathcal {O}(h^{-1})$


\begin {equation}\Delta t \leq \mathcal {O}(h^2), \label {Xeqn10-22}\end {equation}


\begin {align}\bar c_{ij}^{n+1} \geq \varepsilon , \notag \end {align}


$\varepsilon \in (0, C_\eta h^{k+1})$


$C_\eta $


\begin {equation*}\lambda = \frac {\omega _1}{h} \min _{0\le j\le N} \left \{ \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{j+\frac 12}} \right \}, \quad \text {with } h = \min _j \{\Delta x_j\}.\end {equation*}


\begin {align}\label {CFL1D-} & \Delta t \leq \lambda h^2 = \omega _1~h \min _{1\leq j\leq N} \left \{ \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{j\pm \frac 12}} \right \} \leq \omega _1 \min _{1\leq j\leq N} \left \{ \Delta x_j \left .|\widehat {\partial _x p_{ih}^n}|^{-1}\right |_{x_{j\pm \frac 12}} \right \}.\end {align}


\begin {equation}\label {CFL1D+} \Delta t = \gamma \lambda h^2 \leq \lambda h^2,\end {equation}


$\gamma \in (0,1]$


$\gamma $


$c_i(0,x) = 0$


$c_i(0,x) = 0$


$c_i(0,x) =\max \{c_i(0,x), \delta \}$


$\delta >0$


$h^{k+1}$


$V_h$


$c_{ih}^0$


$(k+1)$


$x=(x^1, \ldots , x^d) \in \Omega = \Pi _{l=1}^d [L_{x^l}, R_{x^l}] \subset \mathbb {R}^d$


$L_{x^l}$


$R_{x^l}$


$x^l$


$L_{x^l} < R_{x^l}$


$\mathcal {T}_h$


\begin {equation}\Omega = \bigcup _{\alpha }^N K_\alpha , \label {Xeqn12-25}\end {equation}


$\alpha =(\alpha _1, \ldots , \alpha _d)$


$N=(N_1, \ldots , N_d)$


$K_\alpha = I_{\alpha _1}^1 \times \ldots \times I_{\alpha _d}^d$


$I_{\alpha _l}^l = [x^l_{\alpha _l-1/2}, x^l_{\alpha _l+1/2}]$


$x^l_{\alpha _l} = (x^l_{\alpha _l-1/2}+x^l_{\alpha _l+1/2})/2$


$\alpha _l = 1, \ldots , N_l$


$k$


\begin {equation*}V_h = \{v \in L^2(\Omega ),\ v|_{K_\alpha } \in Q^k(K_\alpha ), \ \forall \alpha =1, \ldots , N\},\end {equation*}


$Q^k$


$P^k$


$x^l = x^l_{\alpha _l + 1/2}$


\begin {equation*}v^\pm = \lim _{\epsilon \rightarrow 0} v(x^1,\ldots , x^l\pm \epsilon , \ldots , x^d), \quad \{v\} = \frac {v^-+v^+}{2}, \quad [v] = v^+- v^-.\end {equation*}


$c_{ih}^{n+1}, \psi ^{n+1}_h \in V_h$


$v_i, r_i, \eta \in V_h$


\begin {align}&\int _{K_\alpha }D_t c_{ih}^{n}v_i\,dx = -\int _{K_\alpha } c_{ih}^n\nabla p_{ih}^n\cdot \nabla v_i\,dx \notag \\ & \quad + \sum _{l=1}^d \int _{K_\alpha \backslash I_{\alpha _l}^l} \{c_{ih}^n\} \left (\widetilde {\partial _{x^l} p_{ih}^n}v_i +(p_{ih}^n - \{p_{ih}^n\})\partial _{x^l} v_i\right )\,\Big |_{x^{l,+}_{\alpha _l-1/2}}^{x^{l,-}_{\alpha _l+1/2}}d(x\backslash x^l),\label {fullyMD1} \\ &\int _{K_\alpha }p_{ih} r_i\,dx = \int _{K_\alpha }\left ( q_{i} \phi _h^n + \log c_{ih}^n \right )r_i\,dx, \label {fullyMD2} \\ &\int _{K_\alpha } \nabla \psi _{h}^n\cdot \nabla \eta \,dx - \sum _{l=1}^d \int _{K_\alpha \backslash I_{\alpha _l}^l} \left (\widehat {\partial _{x^l} \psi _{h}^n}\eta +(\psi _{h}^n -\{\psi _{h}^n\})\partial _{x^l} \eta \right )\,\Big |_{x^{l,+}_{\alpha _l-1/2}}^{x^{l,-}_{\alpha _l+1/2}}d(x\backslash x^l) \nonumber \\ &\quad = \int _{K_\alpha } \left ( \sum _{i=1}^m q_i c_{ih}^n + \rho _0 \right ) \eta \,dx, \label {fullyMD3}\end {align}


$(x^1, \ldots , x^l_{\alpha _l+\frac 12}, \ldots , x^d)$


\begin {align}\widehat {\partial _{x^l} w} = \beta _0 \frac {[w]}{h^{l}_{\alpha _l+\frac 12}} +\{\partial _{x^l} w\}+\beta _1h^{l}_{\alpha ^l+\frac 12}[\partial _{x^l}^2\thinspace w],\end {align}


\begin {align*}h^{l}_{\alpha _l+\frac 12} = {x}^l_{\alpha _l+1} - {x}^l_{\alpha _l};\end {align*}


\begin {align}\label {betaMD} \widetilde {\partial _{x^l} p_{ih}^n}& =\widehat {\partial _{x^l} p_{ih}^n}+ \frac {\widetilde {\beta _{i}^l}}{2}[c_{ih}^n],\end {align}


\begin {equation}\label {defbetaM} \widetilde {\beta _{i}^l}= \left \{\begin {array}{@{}ll} \frac {|\widehat {\partial _{x^l} p_{ih}^n}|}{\{c_{ih}^n\}}, &\text { if } \{c_{ih}^n\} > 0, \\ 0, &\text { if } \{c_{ih}^n\} = 0. \end {array}\right .\end {equation}


$x^l = x_{\frac {1}{2}}^l$


$x^l = x_{N_l+\frac {1}{2}}^l$


\begin {equation*}\widehat {\partial _{x^l} p_{ih}^n} =0, \ \{p_{ih}^n\} = p_{ih}^n, \ \{c_{ih}^n\} = c_{ih}^n.\end {equation*}


\begin {equation*}\widetilde {\partial _{x^l} p_{ih}^n} = \widehat {\partial _{x^l} p_{ih}^n} = 0, \quad \widetilde {\beta _{i}^l} =0.\end {equation*}


$\psi $


$x^l = x_{\frac {1}{2}}^l$


$x^l = x_{N_l+\frac {1}{2}}^l$


\begin {align*}& \widehat {\partial _{x^l} \psi _{h}^n} = \beta _0 \frac {\psi _{h}^{n,+} - \psi _D}{h^l_{\frac {1}{2}}} + \partial _{x^l} \psi _{h}^{n,+}, \ \{\psi _{h}^n\} = \psi _D, \quad \text {if } (x^1, \ldots , x^l_{\frac {1}{2}}, \ldots , x^d) \in \partial \Omega _D, \\ & \widehat {\partial _{x^l} \psi _{h}^n} = \beta _0 \frac {\psi _D-\psi _{h}^{n,-}}{h^l_{N_l+\frac {1}{2}}} + \partial _{x^l} \psi _{h}^{n,-}, \ \{\psi _{h}^n\} = \psi _D, \quad \text {if } (x^1, \ldots , x^l_{N_l+\frac {1}{2}}, \ldots , x^d) \in \partial \Omega _D,\end {align*}


\begin {equation*}h^l_{1/2} = x_{1}^l - x_{1/2}^l, \quad h^l_{N_l+1/2} = x_{N_l+1/2}^l - x_{N_l}^l.\end {equation*}


\begin {align*}& \widehat {\partial _{x^l} \psi _{h}^n} =\sigma , \ \{\psi _{h}^n\} = \psi _{h}^{n,+}, \quad \text {if } (x^1, \ldots , x^l_{\frac {1}{2}}, \ldots , x^d) \in \partial \Omega _N, \\ & \widehat {\partial _{x^l} \psi _{h}^n} = \sigma , \ \{\psi _{h}^n\} = \psi _{h}^{n,-}, \quad \text {if } (x^1, \ldots , x^l_{N_l+\frac {1}{2}}, \ldots , x^d) \in \partial \Omega _N.\end {align*}


$c_{ih}^{{0}}$


$c_{i}^{\rm in}$


$V_h$


\begin {equation}\label {projMD} \int _{K_\alpha } c_{ih}^{0}(x) v(x)dx=\int _{K_\alpha } c_{i}^{\rm in}(x)v(x)dx, \quad \forall v\in V_h, \quad i=1,\ldots , m.\end {equation}


$c_{ih}^n$


$K_\alpha $


\begin {equation*}\bar {c}_{i\alpha }^{n} := \frac {1}{|K_\alpha |}\int _{K_\alpha }c_{ih}^{n}dx,\end {equation*}


$|K_\alpha | = \Pi _{l=1}^d \Delta x_{\alpha _l}^l$


$\Delta x_{\alpha _l}^l = x^l_{\alpha _l+1/2}- x^l_{\alpha _l-1/2}$


$I^l_{\alpha _l}$


$l=1,\ldots , d$


$M$


$(\omega _{m_l}, x_{m_l}^{l,*})$


$1 \leq m_l \leq M$


$M \geq \frac {k+3}{2}$


$k$


\begin {align*}x_1^{l,*} = x_{\alpha _l-\frac {1}{2}}^l, \quad x_M^{l,*} = x_{\alpha _l+\frac {1}{2}}^l.\end {align*}


$\bar c_{i\alpha }^{n+1} > 0$


$c_{ih}^n(x)>0$


$\forall 1\leq l \leq d$


$\forall \ell \not =l$


\begin {equation}\label {CFLMD} \Delta t \leq \frac {\omega _1}{d} \min \left \{ \Delta x_{\alpha _l}^l |\widehat {\partial _{x^l} p_{ih}^n}|^{-1}\Big |_{(x_{m_1}^{1,*},\ldots , x^l_{\alpha _l \pm 1/2}, \ldots , x_{m_d}^{d,*})} \right \}, \quad 1\leq \alpha _l \leq N_l, 1\leq m_\ell \leq M,\end {equation}


$\omega _1$


$M \geq \frac {k+3}{2}$


$v_i = \frac {\Delta t}{|K_\alpha |}$


$\bar {c}_{i\alpha }^{n+1}$


$K_\alpha $


\begin {align*}\bar {c}_{i\alpha }^{n+1} = & \bar {c}_{i\alpha }^{n} + \frac {\Delta t}{|K_\alpha |}\sum _{l=1}^d \int _{K_\alpha \backslash I_{\alpha _l}^l} \{c_{ih}^n\} \widetilde {\partial _{x^l} p_{ih}^n} \Big |_{x^l_{\alpha _l+1/2}} - \{c_{ih}^n\} \widetilde {\partial _{x^l} p_{ih}^n} \Big |_{x^l_{\alpha _l-1/2}} \,d(x\backslash x^l) \\ = & \sum _{l=1}^d \left ( \frac {1}{d} \bar {c}_{ih}^{n} + \frac {\Delta t}{|K_\alpha |} \int _{K_\alpha \backslash I_{\alpha _l}^l} \{c_{ih}^n\} \widetilde {\partial _{x^l} p_{ih}^n} \Big |_{x^l_{\alpha _l+1/2}} - \{c_{ih}^n\} \widetilde {\partial _{x^l} p_{ih}^n} \Big |_{x^l_{\alpha _l-1/2}} \,d(x\backslash x^l) \right ) \\ = & \frac {1}{d|K_\alpha |}\sum _{l=1}^d \Delta x^l_{\alpha _l} \int _{K_\alpha \backslash I_{\alpha _l}^l} \left ( \frac {1}{\Delta x^l_{\alpha _l}}\int _{I_{\alpha _l}^l} {c}_{ih}^{n} dx^l + d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l} \{c_{ih}^n\} \widetilde {\partial _{x^l} p_{ih}^n} \Big |_{x^l_{\alpha _l+1/2}} \right . \\ & \hspace {1cm} \left .- d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l} \{c_{ih}^n\} \widetilde {\partial _{x^l} p_{ih}^n} \Big |_{x^l_{\alpha _l-1/2}} \, \right ) d(x\backslash x^l),\end {align*}


\begin {equation*}\lambda ^l_{\alpha _l}:= \frac {\Delta t}{(\Delta x^l_{\alpha _l})^2}.\end {equation*}


$\bar {c}_{i\alpha }^{n}$


$I^{l}_{\alpha _l}$


\begin {align*}\bar {c}_{i\alpha }^{n+1} = & \frac {1}{d|K_\alpha |}\sum _{l=1}^d \Delta x^l_{\alpha _l} \int _{K_\alpha \backslash I_{\alpha _l}^l} \left [ \sum _{m_l=1}^M \omega _{m_l} c_{ih}^n(x^1,\ldots , x^{l,*}_{m_l}, \ldots , x^d) \right . \\ & \hspace {0cm} + \left . \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l+\frac {1}{2}}^{l}} c_{ih}^n(x^1, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l,+},\ldots , x^d) \right . \\ & \hspace {0cm} + \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (\widehat {\partial _{x^l} p_{ih}^n} - \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l+\frac {1}{2}}^{l}} c_{ih}^n(x^1, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l,-}, \ldots , x^d) \\ & \hspace {0cm} - \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l-\frac {1}{2}}^{l}} c_{ih}^n(x^1, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l,+}, \ldots , x^d) \\ & \hspace {0cm} \left . + \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (- \widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l-\frac {1}{2}}^{l}} c_{ih}^n(x^1, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l,-}, \ldots , x^d) \right ] d(x\backslash x^l) \\ = &\frac {1}{d|K_\alpha |}\sum _{l=1}^d \Delta x^l_{\alpha _l} \int _{K_\alpha \backslash I_{\alpha _l}^l} \left [ \sum _{m_l=2}^{M-1} \omega _{m_l} c_{ih}^n(x^1,\ldots , x^{l,*}_{m_l}, \ldots , x^d) \right . \\ & \hspace {0cm} + \left . \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l+\frac {1}{2}}^{l}} c_{ih}^n(x^1, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l,+}, \ldots , x^d) \right . \\ & \hspace {0cm} + \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (- \widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l-\frac {1}{2}}^{l}} c_{ih}^n(x^1, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l,-}, \ldots , x^d) \\ & \hspace {0cm} + \left ( \omega _1- \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l-\frac {1}{2}}^{l}} \right ) c_{ih}^n(x^1, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l,+}, \ldots , x^d) \\ & \hspace {0cm} \left . + \left ( \omega _M - \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (-\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{x_{\alpha _l+\frac {1}{2}}^{l}} \right )c_{ih}^n(x^1, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l,-}, \ldots , x^d) \right ] d(x\backslash x^l).\end {align*}


$\widetilde {\beta _i^l}$


\begin {align*}\left (\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{(x^1, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l}, \ldots , x^d)} \geq 0, \quad \left (-\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{(x^1, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l}, \ldots , x^d)} \geq 0.\end {align*}


$x^l$


\begin {align*}\bar {c}_{i\alpha }^{n+1} = &\frac {1}{d|K_\alpha |}\sum _{l=1}^d \Delta x^l_{\alpha _l} \sum _{m_1=1}^M \omega _{m_1} \cdots \sum _{m_{l-1}=1}^M \omega _{m_{l-1}} \sum _{m_{l+1}=1}^M \omega _{m_{l+1}}\cdots \sum _{m_d=1}^M \omega _{m_d} \\ & \hspace {-1cm} \cdot \left [ \sum _{m_l=2}^{M-1} \omega _{m_l} c_{ih}^n(x^{1,*}_{m_1},\ldots , x^{l,*}_{m_l}, \ldots , x^{d,*}_{m_d}) \right . \\ & \hspace {-1cm} + \left . \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l}, \ldots , x^{d,*}_{m_d})} c_{ih}^n(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l,+}, \ldots , x^{d,*}_{m_d}) \right . \\ & \hspace {-1cm} + \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (- \widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l}, \ldots , x^{d,*}_{m_d})} c_{ih}^n(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l,-}, \ldots , x^{d,*}_{m_d}) \\ & \hspace {-1cm} + \left ( \omega _1- \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l}, \ldots , x^{d,*}_{m_d})} \right ) c_{ih}^n(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l-\frac {1}{2}}^{l,+}, \ldots , x^{d,*}_{m_d}) \\ & \hspace {-1cm} \left . + \left ( \omega _M - \frac {d \lambda _{\alpha _l}^l\Delta x^l_{\alpha _l}}{2} \left (-\widehat {\partial _{x^l} p_{ih}^n} + \widetilde {\beta _i^l} \{ c_{ih}^n \} \right ) \Big |_{(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l}, \ldots , x^{d,*}_{m_d})} \right )c_{ih}^n(x^{1,*}_{m_1}, \ldots ,x_{\alpha _l+\frac {1}{2}}^{l,-}, \ldots , x^{d,*}_{m_d})) \right ] \\ & \hspace {-1cm} >0,\end {align*}


\begin {align*}\lambda _{\alpha _l}^l \leq \frac {1}{d} \frac {\omega _1}{\Delta x^l_{\alpha _l}} \min \left \{ |\widehat {\partial _{x^l} p_{ih}^n}|^{-1} \Big |_{(x_{m_1}^{1,*},\ldots , x^l_{\alpha _l \pm 1/2}, \ldots , x_{m_d}^{d,*})} \right \}, \quad 1\leq m_\ell \leq M, \quad \forall \ell \not = l.\end {align*}


$\omega _1 = \omega _N$


$\widetilde {\beta _i^l}\equiv 0$


$L^1$


$\widetilde {\partial _x p_{ih}}$


$\Omega =[0,1]$


\begin {align*}& \partial _t c_1 = \partial _x (\partial _x c_1+ q_1 c_1 \partial _x \psi ) +f_1, \\ & \partial _t c_2 = \partial _x (\partial _x c_2+ q_2 c_2 \partial _x \psi ) +f_2, \\ &- \partial _x^2 \psi = q_1c_1+ q_2c_2,\\ &\partial _x \psi (t,0) =0, \quad \partial _x \psi (t, 1)=-e^{-t}/60, \\ &{\partial _x c_i} +q_ic_i {\partial _x \psi }=0, \quad x=0, 1,\end {align*}


\begin {align*}f_1 &=\frac {(50x^9-198x^8+292x^7-189x^6+45x^5)}{30e^{2t}}+\frac { (-x^4+2x^3-13x^2+12x-2)}{e^{t}}, \\ f_2&=\frac {(x - 1)(110x^9 - 430x^8 + 623x^7 - 393x^6+90x^5)}{60e^{2t}} + \frac {(x-1)(x^4 - 2x^3 + 21x^2 - 16x + 2)}{e^{t}}.\end {align*}


$q_1=1$


$q_2=-1$


\begin {align*}c_1 & =x^2(1-x)^2e^{-t}, \\ c_2 &= x^2(1-x)^3e^{-t}, \\ \psi & = -(10x^7-28x^6+21x^5)e^{-t}/420.\end {align*}


$\psi (t,0)=0$


$\psi $


$T=0.05$


$L^1$


$P^{k}$


$T=0.05$


$\widetilde {\partial _x p_{ih}}$


$k+1$


$\widetilde {\partial _x p_{ih}}$


$k+1$


$T=0.05$


$t=0.05$


$m=2$


$\Omega =[0,1]$


\begin {align*}&\partial _t c_1 = \partial _x (\partial _x c_1+ q_1 c_1 \partial _x \psi ), \\ &\partial _t c_2 = \partial _x (\partial _x c_2 + q_2 c_2 \partial _x \psi ), \\ & - \partial _x^2 \psi = q_1c_1 + q_2c_2,\\ & c_1(0,x) = c_1^{\rm in}(x), \quad c_2(0,x) = c_2^{\rm in}(x), \\ &\psi (t,0) =0, \quad \partial _x \psi (t,0) =0, \quad \partial _x \psi (t, 1)=0, \\ & {\partial _x c_i} +q_ic_i {\partial _x \psi }=0, \quad x=0, \; 1.\end {align*}


$q_1 = 1$


$q_2 = -1$


\begin {equation*}\begin {aligned} c_1^{\rm in}(x)= & \left \{ {\begin {array}{*{20}{@{}l}} { 0.1, \quad \text {if } x \in (0.4, 0.6),} \\ { 0.288, \quad \text {if } x \in [0.2, 0.4] \cup [0.6, 0.8], }\\ { 5x^2(1-x)^2, \quad \text {otherwise}, } \end {array}} \right .\\ c_2^{\rm in}(x)= & \frac {\pi }{10} \left | \sin ( 2\pi x^2 ) \right |. \end {aligned}\end {equation*}


$P^1$


$\beta _0 =4$


$\Delta t_0 = 3.5\times 10^{-5}$


$h=0.025$


$\Delta t = \Delta t_0$


$\widetilde {\partial _x p_{ih}}$


$c_1, c_2$


$c_1$


$c_2$


$c_1$


$c_2$


$0.15439$


$c_1$


$0.17031$


$c_2$


$c_1$


$c_2$


$T=0.1$


$\Delta t = \Delta t_0$


$t=0.000245$


$c_2$


$-0.029306$


$c_1$


$c_2$


$0$


$\varepsilon $


$\gamma =1$


$c_1, c_2$


$c_1$


$c_2$


$0.15439$


$c_1$


$0.17031$


$c_2$


$\widetilde {\partial _x p_{ih}}$


\begin {equation*}\begin {aligned} c_1^{\rm in}(x)= & \left \{ {\begin {array}{*{20}{@{}l}} { 0, \quad \text {if } x \in [0.425, 0.575],} \\ { (x-0.5)^2, \quad \text {otherwise}, } \end {array}} \right .\\ c_2^{\rm in}(x)= & \frac {\pi }{10} \left | \sin ( 2\pi x^2 ) \right |. \end {aligned}\end {equation*}


$c_1^{\rm in}(x)=0$


$c_1^{\rm in}=h^{2}$


$[0.425, 0.575]$


$P^1$


$c_1, c_2$


$c_1$


$c_2$


$c_1$


$c_2$


$c_1$


$c_2$


$T=0.2$


$\Omega =[0,\pi ]^2$


\begin {align*}&\partial _t c_1= \nabla \cdot (\nabla c_1+c_1\nabla \psi )+f_1,\\ &\partial _t c_2= \nabla \cdot (\nabla c_2-c_2\nabla \psi )+f_2,\\ &-\Delta \psi = c_1-c_2 + f_3.\end {align*}


$f_i(t,x,y)$


$c_1(t,x,y)$


$c_2(t,x,y)$


$\psi (t,x,y)$


$t=0$


$\partial \Omega _D=\{(x,y)\in \bar {\Omega }: x=0, x=\pi \}$


$\partial \Omega _N=\partial \Omega \backslash \partial \Omega _D$


$\psi (t,x,y)$


$\partial \Omega _D$


$\frac {\partial \psi }{\partial \textbf {n}}$


$\partial \Omega _N$


$f_1$


$f_2$


\begin {align*}& c_1(t,x,y) = \alpha _{1} \left ( e^{-\alpha t} \cos (x)\cos (y) + 2\right ), \\ & c_2(t,x,y)= \alpha _{2} \left ( e^{-\alpha t} \cos (x)\cos (y) + 2\right ), \\ & \psi (t,x,y) = \alpha _{3} e^{-\alpha t} \cos (x)\cos (y),\end {align*}


$\alpha =\alpha _{1}=2\alpha _{2}=\alpha _{3}=10^{-2}$


$\beta _0=2$


$\beta _1={1}/{12}$


$k$


$h$


$P^1$


$N\times N$


$T=0.1$


$P^3$


$N\times N$


$T=0.1$


$\Delta t = 10^{-(k+1)}h^2$


$L^1$


$L^2$


$L^\infty $


$P^k$


$k=1,2,3$


$k+1$


$L^1$


\begin {align*}& c_1(t,x,y) = \alpha _{1} \left ( e^{-\alpha t} \cos (x)\cos (y) + 1\right ), \\ & c_2(t,x,y)= \alpha _{2} \left ( e^{-\alpha t} \cos (x)\cos (y) + 1\right ), \\ & \psi (t,x,y) = \alpha _{3} e^{-\alpha t} \cos (x)\cos (y),\end {align*}


$\alpha =\alpha _{1}=2\alpha _{2}=\alpha _{3}=10^{-2}$


$c_1 \geq 0$


$c_2\geq 0$


$t\geq 0$


$\min _{(x,y)}{c_1} = 0$


$\min _{(x,y)}{c_2} = 0$


$t=0$


$\beta _0, \beta _1$


$\beta _0, \beta _1$


$N\times N$


$T=0.1$


$N\times N$


$T=0.1$


$\Delta t = 10^{-(k+1)} h^2$


$L^1$


$t=0.1$


$N\times N$


$(k+1)$


\begin {align*}& c_1(t,x,y) = \alpha _{1} e^{-\alpha t} \left ( \cos (x)\cos (y) + 1\right ), \\ & c_2(t,x,y)= \alpha _{2} e^{-\alpha t} \left ( \cos (x)\cos (y) + 1\right ), \\ & \psi (t,x,y) = \alpha _{3} e^{-\alpha t} \cos (x)\cos (y),\end {align*}


$\alpha =\alpha _{1}=2\alpha _{2}=\alpha _{3}=10^{-2}$


$c_1 \geq 0$


$c_2\geq 0$


$t\geq 0$


$\min _{(x,y)}{c_1} = 0$


$\min _{(x,y)}{c_2} = 0$


$t \geq 0$


$P^2$


$\beta _0=16$


$\beta _1=\frac {1}{6}$


$c_1$


$c_2$


$\Delta t = 5\times 10^{-3} h^2$


$\gamma $


$L^1$


$t=0.01$


$\gamma $


$L^1$


$t=0.01$


$N\times N$


$m$


$\gamma $


$\gamma $


$\gamma $


$c_1, c_2$


$\psi $


$t\in (0,1]$


$c_1-1/30$


$c_2-2/30$


$\psi $


$c_1 -1/30$


$c_2-2/30$


$\psi $


$t=0, 0.2, 0.5$


$t=1$


$c_2$


$\psi $


$t=0.5$


$t=1.0$


$t=1$


$c_1, c_2$


$m=2$


$\Omega =[0,1]^2$


\begin {align*}&\partial _t c_1= \nabla \cdot (\nabla c_1+c_1\nabla \psi ),\\ &\partial _t c_2= \nabla \cdot (\nabla c_2-c_2\nabla \psi ),\\ &-\Delta \psi = c_1-c_2,\\ & c_1^{\rm in}(x,y)=\frac {1}{2}x^2(1-x)^2(1-\cos (\pi y)), \\ & c_2^{\rm in}(x,y)=\pi \sin (\pi x)y^2(1-y)^2,\\ & \frac {\partial c_i}{\partial \textbf {n}}+q_ic_i \frac {\partial \psi }{\partial \textbf {n}} =0 ,\quad (x,y) \in \partial \Omega ,\\ &\psi =0 \mbox {~~on~} \partial \Omega _D, \mbox {~~and~} \frac {\partial \psi }{\partial \textbf {n}} =0 \mbox {~~on~} \partial \Omega _N, \quad t>0,\end {align*}


$\partial \Omega _D=\{(x,y)\in \bar {\Omega }: x=0, x=1 \}$


$\partial \Omega _N=\partial \Omega \backslash \partial \Omega _D$


$q_1 =1$


$q_2=-1$


$P^2$


$\beta _0=16$


$\beta _1=\frac {1}{6}$


$20\times 20$


$\Delta t=10^{-5}$


$\Delta t_0= 10^{-5}$


$\gamma =1$


$t=4\times 10^{-5}$


$c_1$


$-1.8946\times 10^{-6}$


$c_1, c_2$


$t\in [0,1]$


$c_1$


$c_2$


$c_1$


$c_2$


$\frac {1}{30}$


$c_1$
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The PNP system (1) is widely used across many disciplines [2-10]. Among the key qualitative properties of its solution — such
as mass conservation, energy dissipation, and positivity of concentrations— the preservation of positivity under high-order numerical
approximations remains particularly challenging.

In this article, we advance our previous work by focusing on the challenge of positivity preservation within the same high-order DG
approximation framework introduced in [1]. A general discussion of this issue and background references are given in the introduction
to [1]. Recall that the direct DG method for (1) proposed in [1] is based on the following reformulation:

0,c; =V -(¢;Vp), p;i=gqy+loge, i=1,-,m,

where the electrostatic potential y is determined from the coupled Poisson equation. This reformulation, when discretized using DG
methods, was shown to naturally preserve both mass conservation and energy dissipation. A critical ingredient of the method is the
use of the direct DG (DDG) numerical fluxes on p;, where the DDG fluxes are originally introduced in [11,12]), of the form for w = p;:

o,w ::ﬁo[—;‘;]+{anw}+ﬂlh[aj wl. )
Here n denotes the normal unit vector across cell interfaces, and [¢] = ¢* — ¢~, and {¢q} = (¢* + ¢7)/2, where ¢ and ¢~ representing
values of ¢ on either side of the interface. A broad range of parameter choices for g, and g, allows for the scheme to retain high-
order accuracy while ensuring energy dissipation. However, this flexibility does not generally guarantee the preservation of solution
positivity, which is not unexpected—achieving point-wise positivity in high-order schemes is well known to be unrealistic.

A commonly accepted strategy, following Shu and Zhang [13], is to ensure the positivity of cell averages and then apply a positivity-
preserving limiter to enforce solution positivity. Unfortunately, the numerical method proposed in [1] may produce negative cell
averages after a finite number of time steps, thereby causing the positivity-preserving limiter to fail.

In this work, we aim to overcome this critical limitation identified in [1], by developing a scheme that theoretically guarantees
positivity of cell averages, even in general settings. We have two main objectives in this work:

i) To present a novel modified DDG numerical flux, and

ii) To analyze the propagation of positive cell averages.

The goal of (i) is to restore the positivity propagation of cell averages through a carefully designed flux modification. Our modified
flux is based on a local correction constructed similarly to those given for one-dimensional nonlinear Fokker-Planck equations [14].
However, in our case, the correction is applied to the logarithmic flux formulation p; = g,y + log¢;. Specifically, we define the modified
normal derivative as:

) 3)

anpi = anpi + 2

Here f is dimension-dependent and chosen to appropriately scale the correction term. The additional term ﬂN[c,.] /2 in (3) is crucial
in establishing the positivity of our DDG scheme. However, its inclusion transforms an originally linear scheme into a nonlinear
one, introducing extra challenges for the error analysis. Despite this added complexity, the modification yields important practical
benefits: the nonlinear formulation ensures positivity preservation and yields more physically consistent results in regimes where
linear methods may produce nonphysical negative values. We view this as a meaningful trade-off between analytical simplicity and
physical reliability.

For (ii), we analyze the evolution of cell averages under Euler time discretization. In the one dimensional case, the update for the
cell average ¢;; can be expressed as

At o B 1

o =+ dmici (7 + i

where the flux terms are evaluated at cell interfaces. When using the modified flux (3) and applying the Gauss-Labotto decomposition
of ¢, we show that all the interface trace terms stay non-negative, provided the time step is sufficiently small. This leads to a key

5

X
Jj+
X

J

S

result: the propagation of positive cell averages — that is, c‘lf’j“ > 0 if the current DG polynomials cj, > 0 and the time step satisfies a
suitable constraint.

As a result, we develop a hybrid DDG numerical algorithm that incorporates a positivity-preserving limiter, similar to the one
proposed in [15], applied at each time step. This limiter enforces the positivity of the numerical solution without degrading the
scheme’s high-order accuracy. Our analysis and numerical results demonstrate that the resulting positivity-preserving DDG scheme
maintains arbitrary high-order accuracy in both one-dimensional and multi-dimensional settings.

Related work.

The development of high-order, positivity-preserving numerical methods for the PNP system remains relatively limited. A notable
contribution is found in [16], where the authors proposed a direct DG method that rigorously preserves the positivity of cell averages.
Their method relies on the use of the non-logarithmic reformulation and carefully constructed numerical fluxes to enforce positivity;
however, the use of global fluxes limits the achievable order of accuracy, making extensions to higher-order DG methods challenging.
In contrast, the local flux strategy developed in this work, as well as in [14], overcomes this limitation and achieves spatial accuracy
higher than third order. Note that the modified numerical fluxes render the scheme nonlinear — this is a deliberate design choice
motivated by the need to enforce positivity of the solution. We acknowledge that this idea is not new; similar nonlinear modifications

2
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to the advective fluxes have been proposed in earlier work on positivity-preserving high-order DG schemes [17-19]. Our approach
follows the same general philosophy, modifying the diffusive fluxes within the DDG framework for the PNP system, which presents
different challenges.

After our earlier work [1], which introduced a novel framework for achieving arbitrary high-order spatial accuracy while preserv-
ing key structural properties of the solution, there has been a growing body of research focused on designing numerical schemes that
maintain essential solution features at the discrete level. These efforts typically involve reformulating the original PDE and adopting
implicit-explicit time discretizations to balance stability and computational efficiency. Most of such schemes use central differencing
for spatial discretization, typically resulting in second-order spatial accuracy.

Common reformulation strategies include:

(1) Non-logarithmic transformations, referred to as the Slotboom transformation in semiconductor modeling — convert the drift-
diffusion operator into a self-adjoint elliptic operator. This is particularly effective for ensuring positivity; see e.g., [16,20-26].

(2) Gradient flow structures of the form p, = V - (pV§,E), where E denotes an energy functional associated with the physical
system, are often discretized using explicit-implicit schemes; examples include the energetic variational approach (EnVarA) [27,28]
and an independent development in [29]. In [30], the authors propose a fully-implicit time discretization combined with a log-density
formulation to ensure positivity.

(3) Localized gradient flow formulations, such as p, = V - (pVp) with p = 6, E (see [1]) or p, = V - (p§) with & = V5, E (see [18,31]),
provide enhanced control over the solution structure over computational cells.

(4) Fully implicit gradient flows, often framed as JKO-type schemes [32,33], pose significant computational challenges. These are
effectively addressed by recasting them as dynamic optimization problems [34], following the Benamou-Brenier formulation [35].
Notably, such dynamic optimal transport formulations can also be naturally derived using the Onsager variational principle [36].
These perspectives provide promising avenues for developing robust, structure-preserving numerical schemes.

Recent years have seen the development of several alternative positivity-preserving strategies beyond traditional flux limiters
and reconstruction-based schemes. Notably, optimization-based post-processing techniques have been proposed to enforce discrete
maximum principles and maintain non-negativity while preserving mass conservation and high-order accuracy [37]. In addition,
the geometric quasilinearization method [38] offers a framework for transforming nonlinear PDEs into positivity-preserving forms
through geometric reformulation. These approaches have demonstrated effectiveness in related diffusion and transport systems and
may be adaptable to the PNP equations. Incorporating such ideas could further broaden the applicability of positivity-preserving
algorithms for coupled electrostatic models.

We conclude this section by outlining the rest of the paper: in Section 2, we review the DDG method introduced in [1] and
summarize its key solution properties, including mass conservation and the energy dissipation law. Section 3 focuses on the positivity-
preserving property of the fully discretized scheme, incorporating the proposed novel local flux correction and the hybrid positivity-
preserving algorithm in one dimension. In Section 4, we extend the method to higher dimensions and prove the positivity propagation
results. Section 5 presents numerical examples that illustrate the effectiveness of the proposed approach. Finally, Section 6 offers
concluding remarks.

2. Review of direct DG scheme in [1]
In this section, we briefly revisit the DG scheme for the PNP system (1) in 1D as presented in [1]. Consider a domain Q = [a, b]
with a possibly non-uniform mesh {/; }j’il, where the cell 1; = (x;_, /5, X}, 2) with cell center x; = (x;_» + x;11,)/2, and
a=Xxyy <x; < <Xy_10 <Xy <Xny1p2 =b.
We define the discontinuous finite element space as
v, = {u e 2@, ol € PKI).j =1 ,N},

where P* denotes polynomials of degree at most k, and h the characteristic length of the mesh. At cell interfaces x = x;,, /2 We
introduce the notation
v” 4ot

ot
> , [vl=v v,

vt =limo(x +¢€), {v}=
e—0

The DDG scheme introduced in [1] is essentially based on the following localized gradient flow reformulation,

0,¢; = 0,(c;0.p;), i =1, ,m, (4a)
p; = q;y +logc;, (4b)

m
_051,/ = z qic; + po(x). (4¢)

i=1
More specifically, such a scheme when coupled with the first-order Euler time discretization with uniform step size At admits the

following form: We seek ¢!, y/*! € V}, such that for any v;.r;,n € V,,,

n+l _ .n

C. . —
h h
'/I ;UidX = _‘/I C,'nhaxp;'haxvidx + {th}(axp;lhui + (p;lh - {p:lh})axui)‘
J

’ At (5a)

B
al;

3
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/ p:'hridx = / (qiy/;[' + log cl."h)r,»dx, (5b)
[/ l/
—_— o
/ 0 w0 ndx — (0XWZI1 +(yy, - {W,’Z})axn)(al = / [Z qicly + po] ndx, (5¢)
I; J I; |i=1

where the numerical fluxes are m = Fl(p;,) and m = Fl(yy). The flux operator FI at the cell interfaces x;,;,, for 0 <j < N is
defined as
[w]

FlGw) := foo

Jts3

+{0xw}+ﬁ1hj+%[0)2cw], (6)

where

h

4l =X — X

The boundary conditions are a critical component of the PNP model and determine important qualitative behavior of the solution. It

is important to incorporate the boundary conditions properly. For the zero-flux condition d,.c; + ¢;¢;0,y = 0 at both x = a and x = b,
we set at both x;, and xy o,

Fl(p,-h)zo,{p,»h} :Piha{c,‘h} = Cip- @)
For y with a mixed boundary condition of the form w (¢, a) = y;, 0,y (1, b) = o, we set

Flwp) = bowy —wd/hypp+ 0wy Awn) =wi. x1p=a, (8)

Fityy) =0 {wp} =v,, xXypp=0, (9)
where

hyjp =x1 =Xy
Such a choice is motivated by the results in [39]; otherwise, one would have to take 24, to replace the usual coefficient f,. For other

types of boundary conditions, numerical fluxes can be defined accordingly.
As usual, we initialize c{), by projecting ¢I" onto V, so that

/ el ()v(x)dx = / d"xwx)dx, Vo€ PXI), i=1,-.m. (10)
1 1
The following statement holds for the DG scheme (5) when subjected to a Neumann boundary condition.

Theorem 1. ¢f. [1, Theorem 3.3]

1. The fully discrete scheme (5) conserves each total concentration i, ()i =1, -, m) over time:

N N
Z/ clf’hdx:Z/ cfh*'ldx, i=1,-,m, t>0. (1D
j=1 1 j=1 I

2. Assuming c, (x) > 0 in each I, there exists u* > 0 such that if the mesh ratio u = % € (0, u*), then the fully discrete free energy

N m m
1 1
F' = Z/] [Zci"hlogc;’h+ §<Zqic;’h+po>w5] dx + E/{)Qm//ﬂds (12)
j=171j Li=1 i=1

satisfies
1 m
DF" <=5 3 Acr (0 Py 13)
i=1
where the bilinear form
N N
A Blpv) = Y, /, ehupyosvidx + Fleh ) (Tl + o)) -
j=1714 j=0 3
Moreover,
Fn+1 < F", (14)

provided that B, is suitably large, and p; = 0 in Fi(y;,) defined in (6).

A significant limitation in the above results is the assumption ¢}, > 0. It is well known that maintaining point-wise positivity directly
through high order numerical approximations is unrealistic. A widely accepted approach, following Shu and Zhang [13], is to ensure
positivity of cell averages, and restore solution positivity by further applying a positivity-preserving limiter. However, the numerical
scheme (5) presented in [1] can produce negative cell averages in a finite number of steps, ultimately causing the positivity-preserving
limiter to fail. This is confirmed in Sections 5.2 and 5.3 of this paper for both 1D and 2D cases. Our main objective here is to introduce
a remedy to ensure the positivity of numerical averages.
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3. A positivity-preserving flux

The key ingredient is a locally modified flux d,p,, which is used to replace the original flux 6xp ", in (5a) at each edge d1;. The
resulting DDG scheme becomes

c."’:'] -
/1 il l.U[dx:—/I chourlyd,vidx + () (o + 0 = (Do), (15a)
J J
/ ,hr,dx—/(qiy/;!'+logci"h)r,~dx, (15b)
1/ l!

— m

0xwﬁdxndx—(0xv1,';n+(w,',’—{u/,’[})0xn)( = Zq,f,-”h+po ndx, (15¢)

1 o I [i=1

where the newly introduced flux at the cell interface X1 for 0 < j < N is given by
2

— — 7
OxPip = OxPip + é[cih]’ (16)
and
10,7, .
~ L N if {c"} > 0;
B =14 lan s ih 17)
0, if {Cinh} =0.

For j =0 or j = N, no modification is imposed so that
m = @1 =0, ﬁi =0.
3.1. Positive cell averages
We define the cell average on cell /; as

. 1
o= — ciydx, Ax;=x.,1—-x_1,
0T A Jp *3 T

and establish the following result:

Theorem 2. For the fully discrete scheme (15), the cell average ¢ ‘"“ > 0 provided c}, (x) > 0 and

At<w1 mm {Ax Idxpzhl l| } (18)
x 1
jxy

is satisfied. Here, w, represents the first weight of the Gauss-Lobatto quadrature rules with M > == ’”3 points. For notational convenience, we

include the terms for j = 0, N with |m|_l = oo.
Xj+1/2
Proof. We define
. Ar
T (Ax)?
Taking v; A— in (15a), the time evolution of c"Jrl on [; is given by

. — B b,
+1 =¢; + 4;{cj, }Ax; (6Xp7h + EI[C?”]>‘X 1 - A;Ax;{c], }( N El[c;’h])‘x ]
o+l -1

M

A; — ~
=Zwmc,-"h(x,’§,)+éij(afo'h+ﬁi{ ) EHC
m=1 J+ 7 2
Aj
+7Ax ( DY, — )X Ih(x
2
A
- TAX < Xplh +ﬂt{c,h}> x th(x l
2
Doy (<ay +Fte))] e )
5 SXN\TO0Pip T PGt )| Cin xj_% )

(S

=
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k+%

where the M pairs (w,,. x}) are given by the Gauss-Lobatto quadrature rules with M > == that are exact for k-th polynomials and

X. 1.
J*3

Thanks to the choice of E, in (17), we have

(0l 4Bt )], 20 (<0l +Rte)], 2o
it3 =3
for1 <j<N.
It follows that
M-1

et = Z Ol (5) + —Ax (0Xp:’h+ﬂ~i{c;'h}>c;'h(x;'+l)
2

A, .
+éij(—0xp;'h+ﬁi{cfh}) s ) .

A; .
+ |w, - éij(axp;’h + ﬂi{c;’h})] cl.”h(x;_l)
2

A
* |:CUM_7JAX( a"plh-l_ﬁl{ lh})] lh(x l)>0

=min{ <L g pn 7 a9
x3 Axy Ty Pinl ey
2 2 2

-1 — i 1 -1 1 -1
N*j N—i 2

N+3

provided

. 1 1
AJ-Smm{A—w A Lv |a oLl |x

1 :
=3 Jt

o=

for2<j< N -1, and

A < —|axl7

1
hl

where the equalities follow from the fact that

= 0.

o —1| = |opt |
10, P}, s 10, P}, |

XN+1/2

Note that w; = w,, due to the symmetry of the Gauss-Lobatto quadrature rules. [

3.2. Positivity-preserving reconstruction

The equation (15b) involves the term log ¢}, , which requires the concentrations c}, to remain positive at each time step. However,
Theorem 2 only guarantees positive cell averages each step, provided the previous proﬁle is positive. To ensure the propagation of
positivity over time, we apply an accuracy-preserving positive limiter based on positive cell averages.

Let wy, € P*(I ;) approximate a smooth function w(x) > 0, with cell averages w ;> 6, where § is a small positive parameter or zero.
We define the modified polynomial w?(x) € P¥(I;) as follows:

-6

w

w; + = 4 (wp(x) — w)), if min,/ wp(x) < 8,

wz(x) — Wj—ming; wp(x) (20)
wp(x), otherwise.
This reconstruction preserves the original cell averages and ensures that

min wl (x) 2 8. (21)
J

More importantly, the following estimate demonstrates how the choice of § affects the reconstruction accuracy.
Lemma 1. cf. [1, Lemma 4.2] If w; > 6, the reconstructed polynomial wi satisfies the following estimate

[ (x) = w, ()] < CU)(|lwp(x) = W)l +8), Vx €1},
where C(k) is a constant depending on k.

This result guarantees that wi(x) maintains accuracy when 6 < A**!. Such reconstruction limiting techniques are inspired by the
limiter introduced in [13] for hyperbolic conservation laws.

Remark 1. Let S; denote the set of Gauss-Lobatto quadrature points on I;. In the fully discrete DG scheme (15), the value of
wy,(x) is only needed at the points in S I Therefore, in practice, we replace min,c; wy,(x) in (20) with min s, wy(x), following the
work of Zhang and Shu [13]. The estimate in Lemma 1 still holds under this modification. A similar strategy can be applied to the
higher-dimensional case discussed in the next section. This approach avoids the computational cost of finding the true minimum of
a high-degree polynomial while providing sufficient accuracy for enforcing positivity in practice.

6
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3.3. The hybrid positivity-preserving algorithm

Remark 2. We provide some remarks concerning the numerical implementation.

1.

We assume the mesh is regular, satisfying h,, < Ch,;, for some constant C, where h_ , and h,;, denote the maximum and

puiany

minimum element diameters, respectively. Let /4 be the characteristic length of the mesh size, then we have 9, P, ~ O(h~Y). From
the CFL condition (18), we observe that
At < O(R?), (22)

which is consistent with the expected condition on the explicit time step for diffusion problems.

. Due to the presence of the logarithmic term in the DG scheme (15b), we additionally require that the cell average satisfy

~n+1
Gij > &,

for some tolerance ¢ € (0,C,h**!), where C, is a positive constant. Let

_ ﬂ . 3 -1 . R
A= 7 Og}lﬁnN{ [0xP}, | L‘H_l }, w1thh_mjm{ij}.
2

It then sulffices to replace condition (18) with the following time-step restriction:

2 . -1 . -1
At < Ih? = o, hlir}LnN{ |0,27, | | 1 } <o min {ij A ‘X 1 } (23)
- j - jt5

jty
In our numerical tests, the time step is chosen to satisfy
At =y Ah? < AR2, (24)

where y € (0, 1] is a empirical parameter. The inclusion of parameter y in the empirical condition (18) is motivated by (19) in the
proof of Theorem 2, and it serves to provide a practical safety margin in computations where solutions may challenge the limiter
near the positivity threshold. The effect of this choice can be observed in Section 5.3 (Test Case 3).

. The time discretization in the scheme (15) can be implemented using high order strong stability preserving Runge-Kutta schemes

[40], as they are positive linear combinations of the forward Euler method used in (15), hence the positive-preserving property
remains valid when taking suitably small time steps.

. If ¢;(0, x) = 0 only on a set of measure zero, the cell averages typically stay positive, and the limiter ensures that (21) is satisfied.

However, when ¢;(0, x) = 0 over a non-empty interior region, some cell averages may vanish. To address this, we first regularize
the initial condition by setting ¢;(0, x) = max{c;(0, x), 8} for some constant § > 0 of order #**!. The regularized initial data are then

projected onto V), using equation (10) to obtain c?h.

The corresponding algorithm is summarized in Algorithm 1.

Algorithm 1: The hybrid positivity-preserving algorithm for the PNP system.

1
2
3
4

o ® N o u

11

Input: Initial data c}"(x), boundary condition for y, initial time step Az,
Output: Updated concentration cj,
Initialization: Project c}"(x) onto V}, as defined in (10), to obtain c?h(x).
Set t =0, and At = Ay,
while s < T do
Positivity reconstruction: If necessary, reconstruct cj, according to (20) to ensure positivity: ¢}, > §.
Solve for y,: Using ¢/, , solve (15¢) to compute v
Compute p,: Using ¢/, and y,,, evaluate p!, from (15b).
Update c/'* 1. Solve (5a) or (15a) to obtain o L
if e'+! < 6 then
Update Af using equation (18) or (24).
Solve (15a) to recompute c/;" L

Advance time: 1 = ¢ + At.

Remark 3. Although not formally proven, our extensive 1D and 2D numerical experiments in Section 5 show that the numerical
solution produced from Algorithm 1 exhibits the property of discrete mass conservation and free energy dissipation.

4.

High-dimensional positivity-preserving DG schemes

In this section, we extend our result to DG schemes of (k + 1)-th order accuracy on rectangular meshes solving multidimensional

(multi-D) PNP equations.
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4.1. Scheme formulation

Assume that (1) is posed on x = (x!,...,.x) € Q = l'lf (L
L, < R,. Consider a rectangular partition 7}, of

N
o=Jk,
a

«»Ru1CR?, where Ly,

R, are endpoints in x' direction satisfying

(25)
where ¢ = (a;, ..., @y), N = (Ny, ..., N,). Here, K, =1L7fI X... xlgd withlli[ =[x
fore; =1,...,N,.

! ; !
w172 X1 /2] and its center Xg,

! !

('xa,—l/Z + xa,+l/2)/2’
We define the discontinuous finite element space as the space of the tensor product of piecewise polynomials of degree at most k
in each variable on every element,

Vy={ve L*Q), vlg, € 0“(K,), Va=1,...,N},

!
a+1/2°
=

where QF denotes the tensor producto of P¥ polynomials in each direction. Similar to the one-dimensional case, we introduce the
following notation at cell interfaces x' = x
U

. v+ ot
=limo(x', ..., x' +e,...,x%), {v)="—"—
=0

TR [vl=vt-v
The fully discrete DG scheme on each computational cell is to find ;" l V’ZH € V,, such that for any v;,r;,n € V),
/K Dyclyv;dx = —/K e, Vol - Vo, dx
d N
3 a+1/2
+y / , {c,."h}<0x1 o+ (0l — (P, Dy u,.) 2 e\, (26a)
1=1 4 K\, Yoy-1/2
A Piptidx = /K (q,-q.’);', +logcfh)r,- dx,

(26b)
d xl,—

= a+1/2

/ VW,',‘-Vndx—Z/ [ (dx:wﬁn+(w2—{w,”,})6xm) T2 g x\x!)

Ky =1 Ka\’a,

Yap-1/2
m
—/ (Zq,-c;’hwo)ndx,
KII

i=1

where at interior interface (x!, ..., x/

(26¢)

,...,x%), the DDG numerical fluxes are given by
(l,+i
G = o~ (0w + iR 10 w]
X W= Oh[ x! 1 a’+% x! >

a+y

(27)
for
0 _

!
=X —-Xx
‘11+% a+1 a

the modified numerical fluxes are defined as

- B
0P}y, = 0Py, + ?' g, (28)
with the functions
047l e on
P s if {c/} >0,
0, if {c/} = 0.

(29)
At the boundary x' = x/| or x/ = x/

| » our guiding principle for defining numerical fluxes and averages is as follows: whenever exact
2 "3

boundary data is prescribed, it is used directly; otherwise, the interior numerical approximation is employed. To enforce the zero-flux

boundary condition in (1c), we set
Oxtpyy, = 0, APy} = Plyps Ay} = ¢y

The modified numerical flux takes the given data, namely,

0uply =0uph, =0, Bl =0.

i
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For the potential y subject to mixed boundary condition as in (1d), we specify the numerical fluxes and the averages at the interface

x'=x! orx' =x' | on a case-by-case basis, depending on whether Dirichlet or Neumann conditions are imposed. If a Dirichlet
= Nj+5
2 2
boundary condition is prescribed at the boundary, then:
it -y
— n D ’ .
0x1w;: = ﬁoh—l + 0X1WZ+, {lI/Z} =yp, if !, ... ,x[] s xhe 0Qp,
1 2
wp—w, "~
— D~ Yy, — .
dawy = fo——"— + 0w, v} =wp, I x L xD) €09y,
[ Ni+3
N+3
where
[ I _ .
Ry =X =X hN,+1/2 =XN12 TN

If a Neumann boundary condition is prescribed, then:

o) =o, {q/Z}:y/Z’J“, if (x!,...,x, ..., x") e oy,

X
2
—

duw) =0, (v} =w, ", if(xl,...,x’N xh) eoaqy.

1
)

As in the 1D case, we initialize c?h by projecting c;“ onto V), so that

/ e (v(x)dx = / @ox)dx, YoeV, i=1,..,m (30)

a a

With these initial and boundary conditions, the scheme is now fully defined.
4.2. Positivity propagation

We define the cell averages of ¢}, on K, as

: /
o= — " dx,
ia |Ka| X, ih

where |K,| = H;‘= le;[ with Axfl[ = x . On the interval T (il, I =1,...,d, we introduce the M-point Gauss-Lobatto quadra-

X! _

a+1/2 a—1/2
ture rule using pairs (a)ml,xﬁ;,’l‘), 1<m <M,with M > % This quadrature is exact for polynomials of degree up to k, and the nodes
satisfy

L _ 1 L _ 1
X=X, Xp =X
=3 at+3

Similar to the 1D scheme (15), the following results hold for the multidimensional scheme (26a)-(26c¢).

Theorem 3. For the fully discrete DG schemes (26a)-(26c¢), the cell average EI.”a“ > 0 provided ¢}, (x) > 0 and the CFL condition forvV1 </ < d
and V¢ # 1,

@1 13 -1
At < — Ax! |0.p" , 1<aqy<N,1<m, <M, 1
s mm{ xa,| Ny (x,‘,;f ,,,,, xfxﬁl/z,,..,xfn';)} s sNpls=mps (€3]
is satisfied. Here, w, represents the first weight of the Gauss-Lobatto quadrature rules with M > % points.
Proof. Taking v; = IlL:_rI in (26a), the time evolution of c‘;'a“ on K, is given by
a
At < — —
g+l —gn 4 2L / (" Yop" ( —{c" 3 p" | d(x\x")
ia i |Ka| ; Ka\I(L, ih1¥x' Fip xfl,+l/2 ihI¥x'Fip X.’«[—]/Z
d
1., At Y — ;
= =+ — {c" Yap" ‘ —{c" Yo.p" ‘ d(x\x")
Zl’ (d T K \I, i sz,+1/2 i xix,—l/Z
d
=Y ax / L/ ! +dil AX. (e )07l |
d1K,| =1 “ K/X\Illl[ Axfxl I,g, " S xf’l*"/z
—d i Ax! (el 0,0, ‘x, >d<x\x’ )
a=1/2
where
L At
- 2
o (A )
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We first apply the Gauss-Lobatto quadrature rule to approximate ¢}, on I, l’x and obtain
1

d M
1
gtl = Ax! / w,, " (x', X x®)
T d|K,| ; RSV ,,,[Zﬂ i "
I Ayl
+ —dia’ Axal 0/\”+[;I{c" } e (x! Xt x4
) x! Pip T PiCind )| e X e
2
a+g
dal Ax! ~
R A i c?/\"—ﬁl{c" } e (x! X x?)
B X! Pip = PilCini )| AN LA
u,+% ™2
I Ayl
d/lalea[ 0/\”+EI{ " " ( 1 I+ d)
) 1 Dy, el N e/ (x ,...,xail,...,x
1 2
o1
dil Ax! ~
@ o —0/\"+ﬂ’{c" } e (x! XM x¥) |d(x\x")
D) X! Pip T PiCind )| [ LR
q-1 1732
;4 M-1
= Ax! / w, " xL o x L x)
dIKa|,§‘ R AV ot i i
I Ayl
+ —dia’ Axal 0/\"+/;’{c” } e (x! XMt x4
) xI Pip T PilCini || e X e
2
@ty
I Ayl
" d’la/Axaz _a/\,,_'_/;;{ "y 7 (x! I— d)
B ©Pip TP Gt )| g Cp X X X
U[*% ! 2
dAL,Ax;, — ] . .
+| o, —T<6x1pfh+ﬂi{ci"h})| ; A CTR N )
X 1 -5
-1
dALIAxL[ o, 1 ! d !
7 n n T
How - —— (=00ml, + Alte))]| ROl ) D,
@ty 2
Based on the choice of ﬁi’ in (29), it follows
ST plgan ST plgan
(ax]pih + ﬂi {cih})|(xl,,..,x1 Loaxd) 20, <_dxlpih +ﬂi {cih})‘(xl....,xf ) 20.
a,+% "l‘%
Then applying the Gauss-Lobatto quadrature rule in all directions except x' gives
d
~n+1 1

M M M
!
i Td|K,| ZAxal Z ©Omy 2 Oy
al | my=1

—

M
Z Omyyy Z D,
=1 m_=1 mpy=1 mg=1
M-1
n 1,% 1% d
22 wm/ cih(xml xm, © xmd )
my=!
dal Ax! ~
O Ty (T Iy n no 1 I+ d
+—(01p'.’ + pi{c } . e (x*, . x” L, x%F)
P x' Fip i Yin (xlr;l-.m,xiﬁym’xfrly;;) ih\"m 5 ) 1° *my
2
d/lfxleLI ol 1 ! d
+ <—6 1ph +ﬂ.{c.”}) et (x L xT L xt)
D) X' ip i"ih (x"n,;‘wvxla ]m”xiin,;) [ a,—% my
=32
dal Ax! ~
% a (ST ly.n n o 1% I+ d*
+ w — P (ax/pih + ﬂi {Cih} (X,l,,'*“u,xl ,4,.,xd’*) Cih(xml PR ’xa IR 7xmd)
1’ ﬂk% mq =3
diflle;, S, Al 1 ! d
n n n Jk = Jk
+Hwy — > (—0xzpih +ﬂi{cih})‘( e oS cih(xml,...,x 1,..A,xmd))
my o 1o Xmy at3
aty
>0,
provided
1 (] . 3 -1
A<= min < [0,p" |~
o = ! X! Fip
d Axa,

1 ! d.x
(xm] "”’Xalil/T'”'xmd

[ l<me<M. VERL
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Table 1
Errors for Example 1 at T = 0.05.
(k, By B) h ¢, error order ¢, error order W error order
0.2 0.00074325 - 0.001946 - 0.00044667 -
0.1 0.00015581 2.0164 0.00022054 2.6233 4.2569e-05 3.3250

.20 0.05 4.3138e-05 1.8976 3.8745e-05 2.3642 4.1411e-06 3.2918

0.025 1.1223e-05 1.9425 8.3198e-06 2.2194  4.4382e-07 3.2220

0.2 0.0035405 - 0.0013336 - 0.00026474 -

0.1 0.00075498 2.5660 0.00022787 2.6867 4.1164e-05 2.7921
0.05 0.00011782 2.7343 3.4364e-05 2.7555 5.7354e-06 2.8456
0.025 1.7049e-05 2.7889 4.9971e-06 2.7817 7.9669e-07 2.8478

(2,4,1/20)

Again, we used w; = wy due to the symmetry of Gauss-Lobatto quadrature rules.
O

Remark 4. If El’ =0 in (28), then the DG scheme (26a)-(26¢) reduces to the high-dimensional form of the fully discrete DG scheme
described in (5).

5. Numerical examples

In this section, we present a set of selected examples to validate our positivity-preserving DDG scheme. For accuracy, we assess
the order of accuracy by performing numerical convergence tests using discrete L! errors.

5.1. 1D Accuracy tests

We begin to study the impact of the positivity preserving flux d, p;, on the scheme accuracy. We revisit the example from §5.1 of
[1], where the DDG scheme (5) was applied. Consider the domain Q = [0, 1] and the PNP problem with source terms defined by the
following system of equations:

0,¢; = 0,(0y¢y +q1¢10¥) + f1,

0,6y = 0,(0y¢3 + 42620, W) + [,

- 5,2(111 =qic; + g0,

ow(t,0) =0, odw(1)=—e"/60,

0.¢;i+qgiciow =0, x=0,1,
where the source terms are given by

= (50x° — 198x® 4 292x7 — 189x6 + 45x7) N (=x* +2x3 - 13x2 + 12x - 2)

! 30e2 e
f = (x = D(110x° — 430x® + 623x7 — 393x6 + 90x) C D(x* —2x3 +21x? — 16x +2)
)= .
60e2! el

This system, with ¢; = 1 and ¢, = —1, admits exact solutions:
¢ =x2(1 = x)%e™,
¢ = xX(1—x)e,
w = —(10x7 — 28x% + 21x%)e™" /420.
Note that we impose w(t,0) = 0 to select a specific solution, as y is unique up to an additive constant.
We solve this problem using the positivity-preserving DG scheme (15). Table 1 presents both L! errors and orders of convergence
when using P* elements at T = 0.05, incorporating the modified local flux 9, p;,. Our results indicate that the method preserves an
order of convergence of k + 1, consistent with the findings in [1]. This suggests that the modified flux o, p;, maintains optimal k + 1

order of accuracy. We adhere to the CFL conditions outlined in Theorem 1 and Remark 2. Fig. 1 provides a visual comparison between
numerical and exact solutions at ¢ = 0.05.

5.2. 1D Tests on solution properties

We test solution properties such as solution positivity, mass conservation and free energy dissipation. We apply the proposed
scheme to the one-dimensional PNP system (1) with m =2 in Q = [0, 1], defined by the following equations:
0,¢; = 0,(0y¢ + q1¢10, %),
0,6y = 0,(0y¢3 + 42620, %),

11
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Fig. 1. Numerical solution versus exact solution at 7' = 0.05.
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(a) Smallest cell average of c; (b) Smallest cell average of co

Fig. 2. Smallest cell averages of ¢, c,.

- dﬁy/ =qc| + qr0,

10, %) = el"(x),  ¢(0,x) = (),
p(1,0)=0, 0w (0)=0, Jw(1)=0,
oy¢;+giciow =0, x=0, 1.

In this system, the ion charges are ¢, = 1 and ¢, = —1, and the initial concentrations are given by

0.1, ifx € (04,0.6),
cin(x) =10.288, if x €[0.2,0.4]uU[0.6,0.8],
5x%(1 — x)?, otherwise,

ciZ“ (x) = ;r—o ‘sin(27rx2) ‘ .

For the DG schemes applied to this example, we use P! polynomials with numerical flux parameters fi, = 4. The initial time step is
set to Aty = 3.5 x 10, and the mesh size is & = 0.025.

Test Case 1. We solve this problem using the DG scheme (15) with a fixed time step At = At, and employ the modified flux é;;,.;,
in (16) at each step. Fig. 2 shows the evolution of the smallest cell averages of ¢, and ¢,, demonstrating that the DG scheme (15)
conserves the positivity of the solutions at quadrature points.

12
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Fig. 3. Conservation of mass and decay of free energy.
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Fig. 4. Numerical solution evolution.

Fig. 3 displays the evolution of the total masses of ¢; and ¢,, which are conserved at approximately 0.15439 for ¢, and 0.17031 for
¢,. Additionally, Fig. 3 confirms the dissipation of free energy. Fig. 4 shows the evolution of the solutions, indicating that ¢, and ¢,
approach equilibrium at 7 = 0.1.

Test Case 2. Next, we solve this problem using the DG scheme (5) from our previous work [1] with the same fixed time step Az = Az,
as used in Test Case 1. However, the numerical results indicate that at = 0.000245, the smallest cell average of the concentration ¢,
on the quadrature points is —0.029306, indicating a failure of the DG scheme (5).

To address this issue, we modify the algorithm for the DG scheme (5). Specifically, if the smallest cell averages of ¢; and ¢, drop
below 0 (or small threshold ¢), we switch to using the DG scheme (15) at that particular time step. Additionally, we adjust the time
step according to the CFL condition specified in (18) or Remark 2 with y = 1.

13
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Fig. 5. Smallest cell averages of ¢, c,.
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Fig. 6. Conservation of mass and decay of free energy.

Numerically, Fig. 5 shows that the modified algorithm effectively preserves the positivity of ¢, and ¢,. Fig. 6 illustrates the decay
of the free energy and confirms the conservation of total masses 0.15439 for ¢, and 0.17031 for c,. Furthermore, Fig. 7 shows a similar
evolution of the solutions as observed in Test Case 1.

From Test Case 1 and Test Case 2, we see that our positivity preserving flux 5;\1;;, will prevent negative cell average when applied
at each time step following Algorithm 1, or only when needed (i.e., when (5) from [1] fails), while maintaining order of accuracy.
Test Case 3. We further consider an example using the same settings as in Test Case 1, with the following initial concentrations:

- 0, if x €[0.425,0.575],
Cm(x) -
1 (x —0.5)2, otherwise,

ciZ“(x) = sin(Zﬂxz)‘.

ol
10
Since cil"(x) =0 on an interval, the regularization of the initial condition described in Remark 2 sets c‘;" = h? in [0.425,0.575] when
P! polynomials are employed. Fig. 8 shows the evolution of the smallest cell averages of ¢, and c,, demonstrating that our hybrid
scheme with flux (16) remains robust even when the initial concentrations vanish on a set with a non-empty interior. Fig. 9 (left)

14
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Fig. 8. Smallest cell averages of ¢, c,.

confirms the conservation of the modified total mass for ¢, and ¢,, while Fig. 9(right) shows the dissipation of free energy. Fig. 10
shows the evolution of the solutions, indicating that ¢, and ¢, approach equilibrium at 7 = 0.2.

5.3. 2D Accuracy tests

We evaluate the spatial accuracy of our scheme in a 2D setting using the PNP problem (1) defined on Q = [0, z]?, with prescribed

source terms:

0,cy =V -(Vey +¢,Vy) + f1,

0,co =V - (Vey =, Vy) + /5,

—Ay =ci—c + f3.
Here, the functions f;(t, x, y) are determined by the exact solutions ¢, (¢, x, y), ¢, (7, x, ), and w/(t, x, y), which are specified for each test
case. The initial conditions in (1c) are derived by evaluating the exact solution at ¢t = 0, while the boundary conditions in (1c) are
set to zero flux. We denote the boundary sets as Q) = {(x,y) € Q : x =0,x = z} and dQ, = dQ\dQ,. The boundary data in (1d) is
derived from evaluating the exact solution y (7, x, y) on dQ, and its normal derivative ‘;—‘z on dQy. The problem is tackled using the
fully discrete DG scheme (5) in a 2D setting (for more details, refer to Remark 4), along with the DG scheme (26a)-(26¢), which has
been adjusted to incorporate the specific source terms.
Test Case 1. We consider a system, with particular source terms f, and f,, that admits the following exact solutions

et x,y) = a; (e7 cos(x) cos(y) + 2),

15
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Fig. 10. Numerical solution evolution.

ey(t, x,y) = ay (e™ cos(x) cos(y) + 2),
w(t,x,y) = aze™ cos(x) cos(y),

where the parameters are set as @ = a; = 2@, = a3 = 1072. The numerical flux parameters are f, = 2 and f, = 1/12, which are taken
from [11,12]. To examine the spatial convergence rate, we choose the time step such that the spatial discretization error dominates
while satisfying the CFL conditions stated in Theorem 3. Clearly, such a choice should depend on both k and A. For the numerical
tests with results presented in Table 2-Table 4, we find it sufficient to select a fixed time step with A7 = 10~*+D a2 for the DG scheme
(26a)-(26¢). Table 2-Table 4 present the L!, L2, and L™ errors of the DG solutions based on P*¥ polynomials with k = 1,2,3. The
results show that all errors converge to zero at an order of k + 1. Therefore, in the subsequent numerical tests, we report only the L'
error.

Test Case 2. We consider the exact solutions:

e (t,x,y) = a; (e7 cos(x) cos(y) + 1),
ey(t, x,y) = ay(e™ cos(x) cos(y) + 1),

a

w(t,x,y) = aze”® cos(x) cos(y),

16
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Fig. 12. Conservation of mass and decay of free energy.

where the parameters are set as « = a; = 2a, = a3 = 1072, It is observed that ¢, > 0 and ¢, > 0 for ¢ > 0, with min, ¢, =0 and

min, ,, ¢, = 0 achievable only at 7 = 0.

The numerical flux parameters f, #; in the DDG schemes follow the guidelines from [41,42], and the specific values of f,, f; can
be found in Table 5 and Table 6. A time step of At = 10~*+Dp2 is chosen for both DG schemes.

Table 5 presents the L! errors and orders of convergence at ¢ = 0.1 for the DG scheme (5) in the 2D setting with N x N meshes.
Additionally, results for the DG scheme (26a)-(26¢), using the numerical fluxes (28) at each time step, are reported in Table 6. These
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Fig. 13. The contours evolution of ¢; — 1/30, ¢, —2/30 and y.

Table 2
Errors and orders of convergence for Test Case 1 in Section 5.3 for the DG scheme
(26a)-(26¢) with P! polynomials, meshes N x N at T = 0.1.

error type N ¢, error order ¢, error order  y error order
10  3.85935e-04 - 1.92517e-04 - 6.57306e-04 -
1 20 9.45627e-05 2.03 4.72446e-05 2.03 1.60531e-04 2.03
L' errors

30 4.18052e-05 2.01 2.08857e-05 2.01 7.00864e-05 2.04
40 2.34677e-05 2.01 1.17247e-05 2.01 3.90013e-05 2.04

10 1.63591e-04 - 8.15444e-05 - 2.98864e-04 -
12 errors 20 4.05095e-05 2.01 2.02155e-05 2.01 6.92868e-05 2.11
30 1.79575e-05 2.01 8.96478e-06 2.01 2.93974e-05 2.11
40 1.00903e-05 2.00 5.03826e-06 2.00 1.60776e-05 2.10
10 2.44245e-04 - 1.22173e-04 - 6.16937e-04 -
1 errors 20 6.22895e-05 1.97 3.11681e-05 1.97 1.65259%¢-04 1.90

30 2.77985e-05 1.99 1.39107e-05 1.99 7.44373e-05 1.97
40 1.56598e-05 1.99 7.83651e-06 1.99 4.20696e-05 1.98

results demonstrate that both schemes achieve (k + 1)-th order of accuracy in space, confirming that the modified numerical fluxes
do not compromise the accuracy of the numerical solutions.
Test Case 3. We modify the exact solution from Test Case 2 as follows:

¢ (t, x,y) = aye " (cos(x) cos(y) + 1),
oy (t, x,y) = aye” " (cos(x) cos(y) + 1),

18
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Table 3
Errors and orders of convergence for Test Case 1 in Section 5.3 for the DG scheme
(26a)-(26¢) with P? polynomials, meshes N x N at T = 0.1.

error type N ¢, error order ¢, error order  y error order

10 1.9388%-05 - 9.68440e-06 - 2.13254e-05 -
20 2.30225e-06 3.07 1.15065e-06 3.07 2.44165e-06 3.13

1

Liemors 30 673857e07 3.03  3.36838e-07 3.03  7.03237e-07  3.07
40  2.82902¢07 3.02  1.41423e-07 3.02  2.92728¢07  3.05
10 8.80869e-06 - 4.39905¢-06 - 9.71548¢-06

Lemors 20 10732206 3.04  536315¢07 304  113147e:06  3.10
30 3.16278¢07 3.01  1.58082e-07 3.0l  3.26827¢07  3.06
40  1.33175¢07 3.01  6.65695¢-08 3.01  1.36133e-07  3.04
10 1.52274e05 - 7.50902¢-06 - 2.97439e-05 -

Lo emors 20 187084e06 302 9.35758e:07 3.02  3.83554e:06 296
30 551976e07 3.01  276065e-07 3.01  1.14294e-06 2.9
40 2.32209e-07 3.01  1.16136e-07 3.01  4.83137e-07 2.9

Table 4

Errors and orders of convergence for Test Case 1 in Section 5.3 for the DG scheme
(26a)-(26¢) with P? polynomials, meshes N x N at T = 0.1.

error type N ¢, error order ¢, error order  y error order

10 1.01624e-06 - 5.08885e-07 - 9.63443e-07 -
20 5.63171e-08 4.17 2.81710e-08 4.18 5.75301e-08 4.07

1

LUemmors 5y 1.08817e:08 405  544201e09 405  1.13094e-08  4.01
40  3.42318e-09  4.02  1.71190e-09  4.02  3.57488e-09  4.00
10 5.02332e07 - 2.51498e-07 4.28336e-07 -

Lemors 20 272026608 420  1.36511e:08 420  257910e:08  4.05
30 5.28341e09 4.05  2.64225¢09 4.05  5.08222e-09  4.01
40 1.66107e09 4.02  8.30683e-10 4.02  1.60776e-09  4.00
10 1.86301e06 - 9.32333e.07 - 9.47550e-07 -

Lo emors 20 7.54018e:08 463 37642808 463  5.36137¢:08  4.14
30 1.39411e08 4.16  6.96154e-09 4.16  1.07042¢-08  3.97
40 4.20394e-09 417  2.09997e-09 417  3.40215e-09  3.98

Table 5

Errors and orders of convergence for Test Case 2 in Section 5.3 for the DG scheme (5) in
the 2D setting with meshes N x N at T =0.1.

(k, By ) N ¢, error order ¢, error order y error order

10 4.35298e-04 - 2.1778%-04 - 6.23731e-04 -

20 1.09438e-04 1.99 5.47851e-05 1.99 1.67117e-04 1.90
30 4.86339%-05 2.00 2.43496e-05 2.00 7.55204e-05 1.96
40 2.73409e-05 2.00 1.36889¢-05 2.00 4.27726e-05 1.98

1,3,-)

10 2.62719e-05 - 1.31419e-05 - 2.05689%¢-05 -
20 3.17503e-06 3.05 1.58789e-06 3.05 2.38879-06 3.11

1
@93 30 9.09636e-07 3.08 4.54895e-07 3.08 6.92827e-07 3.05
40 3.75304e-07 3.08 1.87676e-07 3.08 2.89435e-07 3.03
10 5.34967e-06 - 2.67516e-06 - 7.94054e-07 -
(.19, 1) 20 3.60228e-07 3.89 1.80121e-07 3.89 4.82770e-08 4.04
T 30 6.93756e-08 4.06 3.46887e-08  4.06 9.46406e-09 4.02

40 2.07955e-08 4.19 1.03979%-08  4.19 2.98476e-09 4.01

a

w(t.x,y) = aze™ cos(x) cos(y),

where the parameters are setas a = a; = 2, = @; = 1072, It can be verified that the densities ¢; > 0 and ¢, > 0for¢ > 0, and min, ner =
0 and min, ,, ¢, = 0 are achieved for any 7 > 0.

For this test case, we consider the DG scheme (26a)-(26¢) based on P? polynomials. Following the guidelines in [16] for the third-
order positivity-preserving DDG method for PNP equations, we select the numerical flux parameters §, = 16 and g, = é. The initial
time step is set according to the DDG method in [16] to ensure positive average values of densities ¢; and ¢, in each computational
cell, specifically At = 5 x 1073h2 for both DG schemes in this paper.

In the DG scheme (26a)-(26c¢), we use the numerical fluxes (28) selectively when (5) produces negative cell averages. To ensure
positive cell averages, we adjust the time step to satisfy (24) in the 2D setting, where the parameter y depends on the total number
of the quadrature points in each direction.
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Table 6
Errors and orders of convergence for Test Case 2 in Section 5.3 for the DG scheme
(26a)-(26¢) with meshes N x N at T =0.1.

(k, Bys B1) N ¢, error order ¢, error order w error order

10 4.36263e-04 - 2.18339%-04 - 6.23863e-04 -
20 1.09719e-04 1.99 5.49267e-05 1.99 1.67132e-04 1.90

.32 30 4.87287e-05 2.00 2.43965e-05 2.00 7.55255e-05 1.96
40 2.73888e-05 2.00 1.37128e-05 2.00 4.27750e-05 1.98
10 2.61752e-05 - 1.30945e-05 - 2.05701e-05 -
@,9,1/12) 20 3.16680e-06 3.05 1.58381e-06 3.05 2.38883e-06 3.11
T 30 9.07046e-07 3.08 4.53606e-07 3.08 6.92832e-07 3.05
40 3.74168e-07 3.08 1.87111e-07 3.08 2.89436e-07 3.03
10 5.29795e-06 - 2.64941e-06 - 7.94046e-07 -
3,19,1/12) 20 3.57902e-07 3.89 1.78959e-07 3.89 4.82773e-08 4.04
T 30 6.90252e-08 4.06 3.45136e-08 4.06 9.46415e-09 4.02
40 2.07029e-08 4.19 1.03517e-08 4.19 2.98479e-09 4.01
Table 7

L! errors and orders at t = 0.01 with meshes N x N, m Gauss-Lobatto quadrature points
in each direction, and the parameter y in (24).

(m,y) N ¢, error order ¢, error order y error order
10  3.65605e-03 - 1.73140e-03 - 2.48497e-04 -
G.1/4) 20 6.15627e-05 5.89 1.23012e-05 7.14 7.67527e-06 5.02
’ 30 4.70311e-06  6.34 2.34902e-06  4.08 1.03025e-06  4.95
40  2.51946e-06 - 1.29628e-06 - 4.09384e-07  3.21
10 7.73601e-05 - 3.49995e-05 - 2.69952e-05 -
@12 20  4.71377e-06  4.04 2.26200e-06  3.95 3.15719e-06  3.10
? 30 1.06658e-06  3.67 5.29898e-07  3.58 9.23417e-07  3.03
40 4.29086e-07 3.17 2.13824e-07 3.15 3.87547e-07 3.02
10  1.26670e-04 - 4.12020e-05 - 2.48704e-05 -
G.1) 20  4.35146e-06  4.86 2.09879e-06  4.30 2.68506e-06  3.21

30 1.08331e-06 3.43 5.37169e-07 3.36 7.71977e-07 3.07
40 4.37280e-07 3.15 2.18748e-07 3.12 3.21122e-07 3.05

We calculate the L! errors and orders of convergence at ¢ = 0.01 using various numbers of Gauss-Lobatto quadrature points and
different values of y. The results are summarized in Table 7. Notably, we observe third-order accuracy and find that as the total
number of quadrature points increases, y can be set to a larger value. This adjustment improves the approximation of the parameter
y in (24), thereby enhancing numerical stability.

Finally, we analyze the evolution of ¢, c,, and y for € (0, 1]. Fig. 13 shows the contours of ¢, — 1/30 (first column), ¢, —2/30
(second column) and y (third column) at r = 0,0.2,0.5, and ¢ = 1. Notably, the contours of ¢, and y at t = 0.5 and ¢ = 1.0 are nearly
identical, suggesting that the solution approaches a steady state by ¢t = 1.

5.4. 2D Tests on solution properties

In this 2D example, we test solution properties, including solution positivity, mass conservation, and free energy dissipation. Fol-
lowing a methodology similar to [16, Example 4], we assess the effectiveness of the proposed scheme in solving the two-dimensional
PNP system (1) with m =2 in Q = [0, 1]?, given by

0,cy =V - (Ve + ¢ Vy),

0,co =V - (Vey =, V),

- Ay =c| —cp,

e, = 13 = 021 - cos(ay))
i(x,y) = msin(ax)y*(1 - )%,

odc; 0

W
n + q,-c,-a =0, (x,y)€0Q,

v =0 ondQ,, and g—ul: =0 ondQy, >0,
where 0Q, = {(x,y) € Q : x=0,x = 1} and dQy = dQ\dQ,, with ion charges ¢, = 1 and ¢, = —1.
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For this example, the DG schemes use P2 polynomials with numerical flux parameters f, = 16 and f; = é. A 20 x 20 mesh is used
with five-point Gauss-Lobatto quadrature. A fixed time step Af = 107> is applied for the original DG scheme (5) in Test Cast 1, while
the adaptive time stepping strategy in Algorithm 1, based on the CFL condition (24) with an initial time step Aty = 10~ and y = 1, is
used for the hybrid DG scheme (26) in Test Case 2 and 3.

Test Case 1. We first solve this problem using the DG scheme (5) in the 2D setting. At ¢ = 4 X 107>, the minimum cell average of c,
reaches —1.8946 x 107%, indicating a loss of positivity and thus failure of the scheme.

Test Case 2. We then apply the DG scheme (26a)-(26¢), where the numerical fluxes (28) are selectively employed at time steps for
which scheme (5) produces negative cell averages. To examine positivity preservation, Fig. 11(a) and 11(b) show the evolution of
the smallest cell averages of ¢;, ¢, for ¢ € [0,1]. As shown in Fig. 11, both ¢; and ¢, maintain strictly positive cell averages through
the entire simulation period.

Test Case 3. Regarding mass conservation and free energy dissipation, Fig. 12 illustrates the temporal evolution of total mass for
both ¢, and ¢,. The results confirm that the DG scheme conserves total mass, % for ¢, and % for ¢,. Furthermore, Fig. 12 shows the
energy evolution, demonstrating that the scheme correctly captures the dissipation of free energy over time.

6. Concluding remarks

In this paper, we develop a novel positivity-preserving numerical flux to replace the DDG flux introduced in [1] for the PNP
equations. By employing Gauss-Lobatto quadrature in the new flux formulation, we establish that the scheme preserves positive
cell-averaged concentrations under a forward Euler time discretization, provided a proper CFL condition is satisfied. To ensure
point-wise positivity, which is crucial for the validity of our logarithmic reformulations, we apply a subsequent positivity-preserving
reconstruction. This hybrid algorithm fulfills the goal of constructing arbitrarily high-order (in space) positivity-preserving DDG
schemes for the PNP equations.

Our extensive numerical experiments in both one and two-dimensional settings also demonstrate mass conservation and energy
dissipation. However, due to the coupling between the positivity-preserving numerical flux and the reconstruction limiter, rigorously
proving discrete energy dissipation remains a challenging task and is left for future work, (Table 3).
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