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TOWARDS DYNAMICAL LOW-RANK APPROXIMATION FOR
NEUTRINO KINETIC EQUATIONS. PART I: ANALYSIS OF AN
IDEALIZED RELAXATION MODEL
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ABSTRACT. Dynamical low-rank approximation (DLRA) is an emerging tool
for reducing computational costs and provides memory savings when solving
high-dimensional problems. In this work, we propose and analyze a semi-
implicit dynamical low-rank discontinuous Galerkin (DLR-DG) method for the
space homogeneous kinetic equation with a relaxation operator, modeling the
emission and absorption of particles by a background medium. Both DLRA
and the discontinuous Galerkin (DG) scheme can be formulated as Galerkin
equations. To ensure their consistency, a weighted DLRA is introduced so that
the resulting DLR-DG solution is a solution to the fully discrete DG scheme
in a subspace of the standard DG solution space. Similar to the standard DG
method, we show that the proposed DLR-DG method is well-posed. We also
identify conditions such that the DLR-DG solution converges to the equilib-
rium. Numerical results are presented to demonstrate the theoretical findings.

1. INTRODUCTION

In this paper, we consider high-order approximation methods for solving kinetic
equations using low-dimensional surrogates that capture their essential features.
These methods have been demonstrated to be computationally cheaper for many
high-dimensional dynamical systems (see, e.g., [20]), and dynamical low-rank ap-
proximation (DLRA) is one well-known method used for this purpose. Specifically,
we analyze a dynamical low-rank discontinuous Galerkin (DLR-DG) method used
to approximate a space homogeneous kinetic equation that models the emission
and absorption of particles by a background medium. This background medium is
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represented as an external source which determines the equilibrium of the model
for long time simulations.

Kinetic models of particle systems involve the evolution of the particle distribu-
tion function f(p,x,t), a phase-space density depending on the particle momentum
p € R3, position € R3, and time ¢. Kinetic equations, governing the evolution of
f, are expressed as a balance between phase-space advection (e.g., due to inertia
and external forces) and collisions (e.g., due to interparticle interactions or interac-
tions with a background). In the absence of collisions, the distribution function can
develop complex phase-space structures, while collisions tend to drive f towards an
equilibrium, characterized by (spatially) local conditions, in which the dynamics
can be accurately described by fluid models (where variables depend only on
and t). As such, kinetic models are high-dimensional models that can exhibit low-
dimensional structure under certain conditions (e.g., particle systems undergoing
frequent collisions).

DLRA methods can be traced back to the Dirac—Frenkel-McLachlan variational
principle developed in the 1930s [I3L19] and function by evolving a dynamical sys-
tem on the Riemannian manifold of fixed rank matrices. This evolution is achieved
by projecting the right-hand side of a matrix differential equation onto the tangent
space of the manifold, which yields a set of differential equations that govern the fac-
tors of an SVD-like decomposition. As such, they can be suitable for modeling high-
dimensional systems that exhibit dynamics in a lower-dimensional manifold (e.g.,
kinetic equations). Recently, they have been applied to simulate high-dimensional
quantum systems, biological cellular systems [6,23128], kinetic/transport equations
[12,14H17,32H34], hyperbolic problems with uncertainty [26], and neural network
training [36]. Several integrators have been developed to overcome the stiffness in-
duced by the high curvature of the manifold [I0L241[29]. In this paper, we analyze a
semi-implicit basis-update & Galerkin (SIBUG) integrator which is the unconven-
tional integrator of [I0] with implicit time stepping in each of the substeps of the
integrator. For collision operators, including the relaxation operator studied in this
work, implicit time discretization is desired because the short time scales induced
by collisions can render explicit methods inefficient.

The discontinuous Galerkin (DG) method is a finite element method that uses
a discontinuous piecewise polynomial space to approximate the numerical solution.
The method offers several advantages, such as high-order accuracy on a compact
stencil, compatibility with hp-adaptivity, and the ability to handle domains with
complex geometry [22135L87]. Its mathematical formulation makes it amenable to
rigorous analysis. Moreover, DG methods are attractive for solving kinetic equa-
tions because of their ability to maintain structural properties (e.g., asymptotic
limits [2,[21,27] and conservation [3,[11]) of the continuum model formulation, in
part, because of flexibility in the approximation spaces. However, the use of the
DG methods to solve kinetic equations in full dimensionality, without any form of
adaptivity to reduce the total number of degrees of freedom, can be computationally
expensive.

The DLR-DG method studied in this paper applies DLRA to the matrix differ-
ential equation resulting from the semi-discretization of the kinetic equation using
the DG method. The combination of DLRA and DG methods aims to leverage
the benefits of both approaches by lowering the computational complexity relative
to standard DG methods while retaining high-order accuracy. In this work, we
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consider a model kinetic equation of relaxation-type in reduced dimensionality (by
assuming homogeneity in physical space and imposing axial symmetry in momen-
tum space) and focus on establishing conditions for which the DLR-DG formulation
possesses the same properties as the standard DG scheme. The equation is, e.g.,
used to model the emission and absorption of neutrinos by stellar matter during
the explosion of massive stars [8[9,[30]. We use spherical-polar momentum space
coordinates; as a result, a volume Jacobian appears in the inner product of the DG
scheme, giving a matrix weight in the matrix differential equation. This weighting
must be respected in the DLRA formulation in order to obtain similar stability and
well-posedness results as in the standard DG method.

Additionally, many systems for which DLRA is applied are autonomous with
equilibria that arise from the invariants embedded in the dynamics. However, there
has been a lack of analysis in how DLRA integrators behave when equilibria depend
on the presence of external sources. We believe this analysis is fruitful since, even
when applied to linear problems, the nonlinear DLRA model, in the continuum, is
only well-posed up to finite time [4,25]. This finite time condition coincides with
the solution leaving the fixed-rank manifold — a property that is influenced by ex-
ternal sources. Error analysis has shown that DLRA integrators [I0L29] are robust
in regimes where the DLRA solution might fail to exist in the continuum, but this
analysis assumes a sufficiently small timestep in order to control the consistency
error introduced by these integrators. This manuscript provides conditions to guar-
antee convergence of the SIBUG to an equilibrium solution from external sources
that is valid for larger timesteps as is often taken with an implicit method. The
analysis is technical and requires estimates on each substep of the SIBUG. More-
over, unlike standard DG methods where estimates for one timestep can be easily
bootstrapped into multi-step estimates, the temporally varying reduced-order ba-
sis generated by DLRA requires conditions, given in this work, to extend one-step
estimates over multiple timesteps.

The rest of the paper is organized as follows. In Section ] we introduce the space
homogeneous kinetic equation, the full-rank DG discretization, and summarize the
properties of the full-rank DG solution. In Section Bl we formulate the matrix
differential equation associated with the DG scheme and introduce its weighted
DLRA. In Section ] we introduce the SIBUG and the equivalent DLR-DG scheme.
By analysis of the DLR-DG scheme, we prove the well-posedness of the SIBUG and
the convergence of the DLR-DG solution to the equilibrium. Numerical examples
illustrating the theoretical results are given in Section

2. BACKGROUND

2.1. Model equations. The space homogeneous kinetic equation modeling the
emission and absorption of particles by a material background at rest can be written
as (see, e.g., [31])

atf(.’L‘, g, 197 @, t) :C(f)(l‘, g, 197 ©s t)7
f(I,E,l?,(p,t = 0) :fo('ra€7197¢)7
where f > 0 is the phase-space distribution function depending on position = €

D, C R3, and spherical-polar momentum coordinates (&,1, ), and time t > 0.
Here, ¢ > 0 is the particle energy, ¢ € [0, 7] is the latitudinal angle, and ¢ € [0, 27)

(2.1)
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the azimuthal angle. We also introduce the latitudinal angle cosine y = cos(6) €
[—1,1].

Since we consider the space homogeneous case in this paper, we will suppress
the explicit dependence on the position coordinate x from hereon. Furthermore,
we impose axial symmetry in the azimuthal direction in momentum space (i.e., f
is independent of ¢). We then write [21)) as

(2.2a) O f(e p,t) =C(f)(e; pt),

(22b) f(lj‘757t = 0) :fO(M7 5)7

where the collision operator on the right-hand side is given by
(2.3) C(f)(e, s t) = nle) — x(e)f (u, &, 1),

where 1 > 0 is the emissivity and x > 0 is the opacity. Both the emissivity and
opacity are assumed to be independent of the momentum space angle cosine u, as is
often done when the particle-material coupling is modeled in the material rest frame
[31]. The specific dependence of the opacity x on the particle energy e depends
on the details of the particle-material interaction process. The problem (22 is
well-posed if x(¢) € L>®(R) and [ e?n?*de < co. Generally, we make Assumption
BT on .

Assumption 2.1. There exist constants Xmin, Xmax such that
(24) 0 < Xmin S X S Xmax-

Under Assumption 2], it can be verified that as ¢ — oo the solution f(u,e,t)
to (Z2) converges to the isotropic equilibrium solution fE9(¢) = n(e)/x(g), which
is the solution to the steady equation

(2.5) C(ff) =o.

Since fE9 is low-dimensional (independent of 1), and the true solution is given by
flu,e,t) = foe ™t + (1 — e~X?) fEa it is expected that f will become independent
of p when xt > 1.

There is no coupling across energies in the collision term on the right-hand side
of Eq. 22), and ¢ is simply a parameter of the model. However, we include the
energy dimension in the DG discretization to develop a more general framework that
can accommodate coupling in energy and angle — either through the inclusion of
inelastic scattering or external fields. In addition, discretizing in both energy and
angle allows us to capture momentum space structures.

2.2. DG discretization and matrix equations. Given ¢,,,, > 0, we denote the
computational domain by Q = {(u,¢) : u € [—1,1],€ € [0, Emax]|} With volume mea-
sure df) = szdsdu Let L?(Q2) be the Hilbert space of square integrable functions
defined on €2 with respect to the measure d{2, and inner product denoted by

Emax 1
(2.6) (v, w;e%)q ::/vwdQ:/ / vw e2dpde.
Q 0 -1

The associated norm on L?() is given by ||5w\|%2(9) = (w,w;e?)q.

IThe Lebesgue measure for axially symmetric functions defined on a ball centered at 0 in R3
is 2me?dedp, but we drop the 27 as each integral will have it as a common factor.
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We write Q = Q, x Q., where Q. = [0, emax] and 2, = [—1, 1] with measures e2de
and dp, respectively. Let (-,-;¢?)q. and (-, ‘)a,, be the L? inner products induced
from the given measures.

Given N. € N and N, € N, we partition . and €, into N, and N, cells,
respectively. Denote these partitions by

(27) 0251/2 <€3/2 <... <EN571/2 <€Ns+1/2 = €max>
(2.8) —1=pry2 <pzpe<...<pn,-172 <pn,+1/2 =1
We partition the domain 2 into logical rectangles given by
(29) Kij = {(ILL,E) YIRS K{L, € &c K]s},
where K!' = [11;_1/2, ptiy1/2] for 1 <i < N, and K; = [€j—1/2,€541/2) for 1 <j <
N..
We now define the discontinuous Galerkin finite element space in each direction
as
(2.10) Vo i={¢ € L*() : k= € Pr(K{),1 <i< N},

where z = p, €, and Py, denotes polynomials of maximal degree k. The discontinuous
Galerkin finite element space is defined as

Vi =Vun @ Ve ={v: vk, € Qu(Kj),1 <1< N, 1<) <N,

where Q. denotes the space of tensor-product polynomials of degree at most k for
each variable defined on Kjj.

Generally, for a scalar function v and vector valued functions V = [v1,...,v,]" €
R™ and W = [wy,...,w,]" € R", defined on D C Q, we define

(vaW;¢)D :(W7U;¢)D = [(vaj; ¢)D]n><1 S an
(VaWT;¢)D :[(viij; ¢)D]m><n € Rmxn’

where ¢ = ¢(¢) > 0 is a specified weighting function.

(2.11)

2.2.1. Semi-discrete full-rank DG scheme. The standard semi-discrete DG scheme,
which we call the semi-discrete full-rank DG scheme for ([Z2]), together with the
initial data (220), is to find fy,(u,e,t) € Vi, such that

(2.12a) (O:fnswnie®)a = A(fn,wn),  Ywn € Vi,

(2.12b) (fuli=0,wnie®)a = (fo,wn;e¥)a,  Vwn € Vi,

where A : L2(2) x L?(Q2) — R is defined by

(2.13) A(fnywn) = (C(fn), wn;e*)a = (n,wn;e?)q, — (Xfnywhie?) g, -

Remark 2.2. We use the term full-rank throughout the paper to refer to a standard
discontinuous Galerkin discretization with no low-rank techniques applied.

Definition 2.1. The discrete equilibrium f;f 9 €V}, is the solution to the variational
problem

(2.14) A(fF%wp) =0 Yy, € V.

Moreover, the following statement holds for the discrete equilibrium.
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Lemma 2.3. Under Assumption 21, Eq. 2I4)) admits a unique solution f;fq,
which is a quasi-optimal approxvimation to fE9 in L*(Q), i.e.,

(2.15) 1(FE = FEe o) < X222 inf [|(£59 — wp)ellp2(oy.

Xmin Wh EVh

Proof. From Assumption 2T the bilinear form (x-,-)q is coercive on Vi, X Vj;
therefore the well-posedness of (2I4) is immediate. Subtracting (ZI4]) from the
variational formulation of (21 gives a Galerkin orthogonality condition

(2.16) (x5 = i) wnie?) =0, Vuy € Vi
Assumption 2Tl and (Z.I6]) are then used in a standard finite element argument (see
[7, (2.8.1)]) that yields the Céa-type estimate (ZTI3)). O

2.2.2. Fully-discrete full-rank DG scheme. We wish to employ implicit time dis-
cretization methods because the short time scales induced by collision operators
can render explicit methods inefficient. For n > 0, let f} = fi(u,e,t") € V), be an
approximation of f(u,e,t"), where t" = nAt and At > 0 is a specified time step.
We apply a backward Euler time discretization to the semi-discrete full-rank DG
scheme (ZI2)). For simplicity, we denote

(2.17) D"t =

where v can be any function (or matrix in the later sections). Then, the first-order
fully-discrete full-rank DG scheme for ([22) is to find f € V, such that

(218) (Dt £+1,wh;82)9 = A( ;:Jrl,wh) th S Vh.

We now give the following result detailing the well-posedness, and convergence
to the discrete equilibrium of the fully-discrete full-rank DG scheme. For brevity,
we omit the proof, since in Section [l we prove a similar result in the low-rank
setting.

Proposition 2.4. For any At > 0, there exists a unique solution f,':+1 of the
fully-discrete, full-rank DG scheme (218) such that

(i) The solution f;'*! is L? stable in the following sense:

1

(2.19) lefit ez < Hlefollz) + o (1= Hlenll L2,

where the parameter c is given by

1
2.20 = —.
( ) ¢ 1+ AtXrﬂin
(i) The distance between fi*' and the discrete equilibrium f}Eq is geometrically
decreasing:
E E

(2.21) (it = D ee@) << Hle(f) = f) e,

where fr% satisfies (Z14).
Remark 2.5. For large At, (221)) implies that f' converges to f}Eq at arate O(At™")
for any n > 1.

The main objective of this paper is to establish results analogous to Proposi-
tion 2.4] when the dynamical low-rank approximation is applied to the DG scheme.
These are given in Section [l
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3. DYNAMICAL LOW-RANK FORMULATION
In this section, we formulate low-rank approximations to (ZI2]).

3.1. Formulation of the matrix differential equation. In order to apply the
dynamical low-rank approximation, we first convert (2.12)) into an equivalent matrix
differential equation via a basis expansion. Let {z;(u)};2; and {y;(e)}}_; be bases
for the finite element spaces V,, and V., respectively. Here, m = (k + 1)N,
and n = (k+ 1)N.. We construct these bases using local Legendre polynomials
on the local cells K!" and K? that are orthonormal with respect to the local inner
products L?(K!") and LQ(KjE), respectively. With this choice {z;(p) }; forms on an
orthonormal basis for V,, . However, {y;(¢)}?_, does not form on an orthonormal
basis for V. 5, due to the weight ? in the inner product (cf. (26)). This fact has
technical consequences for the remainder of the paper.
Given a function wy € V}, its basis expansion can be written as

(3.1) wy =YY Wi(Hai(p)y;(e) = X T (m)W (@)Y (o),

i=1 j=1
where X : Q, — R™ and Y : Q. — R" are defined by
(3.2) X(n) = [z1(w), - wm ()] and Y(e) = [y1(e), -, yn(e)]

We call W = [W;;] € R™*™ the coefficient matriz of wyp, (with respect to the bases
{wi(n) iy and {y;()}7_,). For each fixed i, W satisfies

n

(3.3) Z(yj,yj/;g)gswij/ = (wn, 7y;;€3)0, j=1,...,n.

=1
Definition 3.1. Given matrices A, B € R™*™ with entries A;; and B;;, their
Frobenius inner product is (4, B)r = tr(A"B) = 371", 37| Ai;Bj;. The Frobe-
nius norm of A is ||Al|lr = /(4, A)p.

Lemma BT relates weighted inner products of DG functions to weighted Frobe-

nius inner products of the associated coefficient matrices. It follows from a direct
calculation using (B)).

Lemma 3.1. Let Z € R™*"™ and W € R™*" be the coefficient matrices of zp, € Vp,
and wy, € Vy, respectively, and let ¢ = ¢(e) be a scalar function. Then

(3.4) (p(e)zn, wnie¥)a = (I ZAs, W)p = (ZAp, W)r,
where I, is the m X m identity matriz and the symmetric matrix
(3.5) Ay = (8()Y ' (¢), Y (e); %), € R™™,

is block diagonal due to the locality of the basis. If further ¢(e) > 0, then Ay is also
positive-definite.

Corollary 3.2. Let F' € R™*"™ be the coefficient matriz of the DG solution f, € Vj,
in ZI2), and W € R™*™ be the coefficient matriz of any function wy, € Vi,. Then
the semi-discrete DG scheme (2Z12) is equivalent to the following problem: Find
F(t) € R™*™ such that

(3.6a) (O F ()AL, W)p = (G(F),W)p, VW eR™*",

(3.6b) F(0) = Fp,
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where Fy € R™X™ js the coefficient matriz of fr(u,€,0) obtained by solving ([2.121]).
Here Aq is the symmetric positive-definite, block-diagonal matriz defined by (B.5)
with ¢ =1, and G is the affine function defined by

(3.7) G(F) = LoL, — FA,,
where
(3.8) Lo=(1,X)q, eR™'  L,=(nY;e%)q € R",
and the symmetric positive-definite, block-diagonal matriz A, is defined by (B.5)
with ¢ = x.
The variational problem ([B.) immediately yields the following matrix-valued
ODE:
(3.9) O F = G(F)AL"

3.2. Weighted dynamical low-rank approximation. Let M, C R™*™ be the
manifold of rank-r matrices (r < min{m,n}). The Dynamical Low-Rank Approx-
imation (DLRA) is traditionally formulated by evolving the matrix-valued ODE
B3) on M, by a Galerkin projection of 9;F onto the tangent space of M, cen-
tered at F' (see e.g., [25]). This projection is on the space of m X n matrices and
is traditionally orthogonal with respect to the standard Frobenius inner product
in Definition Bl However, such a formulation will not preserve the natural equiv-
alence between the Galerkin equation of the DRLA and the matrix variational
problem in (3.6]). In order to maintain this equivalence in the DLRA framework,
we propose a modification to the standard DLRA approach that uses the weight
Aj to characterize the tangent space.

Definition 3.2. For any Z, W € R™*" 1 < my < m, and any symmetric positive
definite matrix M € R™ " with Cholesky factorization M = CTC, the M-weighted
Frobenius inner product and its induced norm on R"*" are given by

(3.10)  (Z,W)pr:= (ZM,W)p = (ZCT,WCT)p and |W|3, := (W, W)a.

Remark 3.3. The weighted Frobenius norm serves two purposes. The first is to
introduce the matrix weight induced by the £? integration weight in the definition
of A; see (2I3). The second is to introduce linear operations on the energy basis
that, due to the transpose that appears in the rank-based representation of a matrix
(e.g., the matrix " in (B.I2)), are often represented by left matrix multiplication.

Thus for consistency, we reserve the usual vector norm | - || on R™ for column

vectors 2 € R™*! and use the Frobenius norm for row vectors #' € RY" |z 7|2 =
TY (|2

tr(zz’ ) = ||=||%

Definition 3.3. Let £y, € M, be given. The (weighted) dynamical low-rank
approximation to (B3] is given by the solution F' € M,. (where F' approximates F')
of the differential equation

(3.11) O F = argmin J(6F), where J(6F) = |6F — G(F)A7Y| A,
5FETFMT

with initial condition 13’(0) = Fy. Here, TpM, is the tangent space of M, at F.

Remark 3.4. The initial condition Fy should be a rank-r approximation to F (0).
We delay the choice of Fy until the end of this section.
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Like the usual DLRA [25], (811 can be rewritten into an equivalent system
that updates the components of the low-rank decomposition of F in time; this
equivalent system is often called the equations of motion. Let F have the rank-r
decomposition
(3.12) F=USE", where U'U = E" A1E = 1I,,
with U € R™*" S € R"™*" and F € R’}XT all full-rank matricesP In terms of U,
S, and E, the tangent space of M, at I’ is (see e.g., [25]):

(313)  TpM, ={0USET +USSET + USSE" : U"6U =0, E" A16E = 0},

where 6U € R™*" §S € R™" and 0F € R™"*". Due to the gauge conditions
UT6U = ETAy0E = 0 in (313), any matrix 6F € TzM, has the unique decom-
position

(3.14)

6F =USE" + USSE"T + USSE" = P6F Ay Py + PydF Ay Py + PydE T Ay P2

where
(3.15) 06U = PFoFALES™Y, 68 = U6FALE, and 0E = P A1 6FTUS™T

with symmetric matrices

(3.16) Py =UU" and P# = I,, — Py,
and
(3.17) Py =EE" and Py = A" — Pp.

The matrix Py is the orthogonal projection onto the column space of U with respect
to the standard inner product on R™ and Pg is its orthogonal complement. The
matrix PgAj is the orthogonal projection onto the column space of E with respect
to the inner product on R"™ with weight A;. Moreover, for any Z, W € R,
1</ < m,

(3.18) (ZA1Pp, W), = (Z,WALPg) 4, ,

where (-, )4, is the Frobenius inner product defined in Definition

We now give several equivalent formulations of the weighted DLRA solution a
in Definition B3l

Proposition 3.5. The solution F =USET € M, of Definition B3, with initial
data F(0) = U°S°(E®)T € M, where (U°)TU® = (E°)T A1 E® = I.., satisfies the
equivalent problems [25]

(i) 8,F e TsM, is the solution of the Galerkin condition

(3.192) (aF - G(F)AIWF)A —0, WFeTaM,,

(3.19b) F(0)=U"S°(E%)T.

(ii) The factors ofﬁ’ satisfy the equations of motion given by
(3.20a) U=P:GE)ES™', S=U"G(F)E, E=P:GEF)'UST,
(3.20b) U©)=0° S(0)=5° E@0)=E",

2Unless otherwise stated, any matrices denoted with U and E satisfy UT U = I and ET A1 E =
I, respectively.

Licensed to Univ of Texas at El Paso. Prepared on Sun Feb 16 22:34:28 EST 2025 for download from IP 129.108.202.16.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1208 P. YIN, E. ENDEVE, C. D. HAUCK, AND S. R. SCHNAKE

where P and Pg are defined in B.16) and @BIT), respectively.
(iii) The matrices K =US € R™*" L = EST € R"™", and S satisfy the coupled
ODE systenﬁ

(3.21a) K=GKE")E, L=A7'GUL")'U, S=UTGWUSE")E,
(3.21b) K(0)=U"S", L(0)=E’S")", 5(0)=5°

Proof. We give a short sketch.

e Definition < (i). The minimization problem (BII)) is unchanged if J is
replaced by %J 2. The minimization of this strongly convex quadratic functional
over the linear subspace 7M. is equivalent to the Galerkin condition (i).

e (i) = (ii). Since & F = USE"T + USET + USET, the equations for U, S, and E
in (3220) can be found from ([BI9a) by testing against

(3.22)

SUSE" = PFUw S "E", USSE' =USwE', US(SE)' =US™"E},A1 Py,

respectively, where Uy, € R™*" Sy, € R™*" and Ey € R™"*" are arbitrary. By
the arbitrariness of Uy, Sy, Ew, and the gauge condition U'U = ETA; E = 0,
(BI0a) reduces (3:20a).

e (ii) < (iii). Direct calculation: Take the derivative of K and L and use the

product rule, (316]), and BI4T).

e (ii) = (i). From the equations of motion (B20),
(3.23) O F=USE" +USE" +USE" = P+GPg + PyGPg + PyGP&.

Plugging [8.23) and (3.14) into (319al), using (B.16]) and BI1), verifies the result.
O

Remark 3.6. With the DLRA defined in Definition[3.3] the semi-discrete DG scheme
in matrix formulation (B.6al) is identical to the Galerkin equation of the DRLA
(319a) when the coefficient matrix of the DG solution possesses a rank-r decom-
position and evolves tangentially to M,..

4. FULLY DISCRETE DYNAMICAL LOW-RANK DG SCHEMES

In this section, we propose a fully discrete dynamical low-rank DG (DLR-DG)
method. Similar to Proposition 2.4 for the full-rank scheme, we investigate the
well-posedness of the DLR-DG method and show the convergence of its solution to
the equilibrium for a sufficiently large time step.

4.1. The fully discrete DLR-DG schemes. Applying a numerical integrator to
the equations of motion in the form of Eq. (320) will produce an unstable method
unless At is of the same order as the smallest singular value of S [29]. Several
DLRA temporal integrators have been developed with timestep restrictions that
are much more reasonable [10,24129]. Here we choose the basis-update & Galerkin
(BUG) integrator [10], which is easily combined with the backward Euler method.

3We use bold notation to represent key matrices formed by the product of matrices.
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4.1.1. A semi-implicit BUG ‘integrator. The BUG integrator of [10] can be viewed
as a splitting method applied to the KLS system in Eq. (8:21]), where the K and L
equations are decoupled and updated independently, followed by an update using
the S equation. We use backward (implicit) Euler for the underlying numerical
integrator for all equations as collision operators generally induce timescales that
cannot be efficiently advanced with an explicit method. Given At > 0 and the

factored rank-r matrix F™ = U"S"(E™)T with factors satisfying
(4.1) oMUt =1, (EMTAE" =1,

one step of the method generates a new rank-r matrix factorization
(4.2) fntl — Un+1Sn+1(En+1)T

with factors satisfying

(4.3) orthHTurtt =1, (E™YHTA EV =1,

Algorithm [£T] precisely defines the semi-implicit basis-update & Galerkin integra-

tor.

Algorithm 4.1. A semi-implicit basis-update & Galerkin (SIBUG) integrator.

o Input: U™, 8™ E", At; output: U1, §ntl prtl
e Step 1: Update U™ — U™! and E™ — E™! in parallel:
— K-step:
* Solve for KM from the m x r matriz equation

(4.4) DK = (K"TY(E")TE", K"=U"S".

x Perform a QR factorization K" = UM Ry,

x Compute the r x r matriz M"+1 = (U™+1)TU™.
— L-step:

x Solve for L™ from the n x r matriz equation

(45) DtLqul _ AIlG(Un(LnJrl)T)TUn, L" = En(su)T.

* Perform a generalized QR factorization (Algorithm[B.3]) L"*! = E"*1Ry,.

x Compute the r x r matriz N**1 = (E*H)T A, E™.
e Step 2: Update S™ — S"t1:
— S-step:
* Project S™ to the new bases

(46) Sm* — MnJrlSn(quLl)T.
* Solve for S™*! from the r x r matriz equation

S’n-i-l — gnx
At
Remark 4.1. The following remarks apply to Algorithm 1]

(4.7) _ (Un+1)TG(Un+1Sn+1(En+1)T)En+1.

(a) The choice of bases U"™! and E™*! used in the S-step is not unique. For
any unitary matrices Vi, V& € R™*", the matrices U™V and E* V5 could

replace U™ and E™!, respectively, without changing F™?,

(b) The algorithm is semi-implicit since it uses explicit evaluation of the bases U"
and E™ in Eqs. (£4) and (@3]), respectively, but makes implicit updates for

K™+ Lot and St
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1210 P. YIN, E. ENDEVE, C. D. HAUCK, AND S. R. SCHNAKE

(c) S™* in (L8] is the projection of S™ under the new bases U"™! and E"*1.
Thus, ||S™*|lr < ||S"||r. For sufficiently large At, the projection error does
not affect the SIBUG solution’s convergence to an equilibrium.

(d) Other than Algorithm [B:3] the factorization L"** = E"*1Ry, in the L-step
can alternatively be computed by a regular QR factorization L™ = E"H1 R,
with (E"HTE™ = [, followed by the weighted Gram-Schmidt decompo-
sition E"! = E"MIRp with E**! satisfying ([@3), and then setting Ry, =
RLRy. The stability of this alternative factorization has been numerically
verified, and we recover the same results as when using Algorithm [B.3]

(e) If Ly, defined in (B8], is in the span of the columns of U™, then UF =
Lo/||Lo|| = U"z for some vector z € R"*!1. In this case, ([4) reduces to

(4.8)

K" =U"R, where R=(S"+At|[Lo||2L] E") (I, +At(E™) T A E™) " €R™*".

Thus, the K-step can be omitted, and we can set U™l = U". (See also
Remark 9] following Lemma [1.8])

(f) The matrix Ay, whose inverse is needed in the L-step in Algorithm (1] is
positive definite and block diagonal. For a given mesh, its smallest eigenvalue
is bounded away from zero. The inverse, AIl, can be computed (once at
program startup) by inverting each (k + 1) x (k 4+ 1) block independently.

4.1.2. DG formulation of the SIBUG. Given a low-rank approximation f;: with co-
efficient matrix F* = U"S"E", define the following subspaces of Vj, (which depend

on f;;)

(4.9a) Ve ={v|v(pe) =XT(WU"S(E")TY(e), VSeR™},

(4.9b) V' ={v | v(ue) = XT()K(E") Y (), VKeR™"},

(4.9¢) V' ={v|v(pe) =XT(WU'L'Y(e), VLeR"™"}.

It is easy to check that f = XTU"SYE™TY € V# NV NV, but f ¢ VAL
However,

(4.10) o= X TUMtlst (BT TY e Yt

where S™* is given in (7). Moreover, f¢'* is the L? projection of f,'; onto V'
(4.11) (f&" wn;e”)a = (fi, wn; %), Ywn € V.
Lemma (2] establishes an equivalent DG formulation for ([@4)—-{1).

Lemma 4.2. The matrices K" L S gre solutions to ([@4), (E5), (7)), re-
spectively, iff frtt =X ()K" PN EMTY () € Vi, £ =XT (UML) TY (e)
e VS, and fit = X T () U LS Y EMY)TY () € Vit solve the following DLR-

DG scheme

(4.12a) (thI“(H, wl;EQ)Q =A( %+1, wy), Yw; €V,
(4.12b) (thEH,wg;gz)Q =A( E+1,w2), Ywy € V',
(4.12¢) (th§+1,w0;82)ﬂ =A( g“, wp), Ywg € Vg,

where fit = f§ = f& = fr.
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Proof. We only prove the equivalence between (A7) and (£I12d); the others can be
proved similarly. Suppose fg“ solves ([AI12d). Then, by Lemma B S™*! solves
+1 n41( gt 1\ T +1 +1\T
(UMD S HEYY) T A, UM W (EMTH T
_ (G(Un+1Sn+1(En+1)T) Un+1WO(En+1)T)

for all Wy € R™*". The matrix form of ({ZIT]):
(4.14)
(UnSn(En)TAl’ Un+1WO(En+1)T)F _ (Un+1Sn,*(En+1)TA1’ Un+1WO(En+1)T)F ,

can be used to replace S™ by S™* in ([@I3). Then applying Lemma [AJ] and [3)
gives

(4.13)
F’

Sn+1 — Q¥
(4.15) <T’WO> = ((Un+1)TG(Un+1Sn+1(En+1)T)En+17WO)F'
F

Since Wy is arbitrary, (15 is equivalent to (7). O

4.2. Well-posedness. We now obtain an analog of Proposition [24fi) for the
SIBUG listed in Algorithm FT] — namely that the DLR-DG scheme is uniquely
solvable and uniformly stable.

Lemma 4.3. Given the low-rank representation f;:, from which fi, ft, and f§
can be computed, the first order fully discrete DG scheme ([AI2) admits a unique
solution (fi™, fiH FT1) € VP x Vit x VI for any At > 0. Equivalently,
Algorithm BTl admits a unique matriz solution (K" L+l gntl),

Proof. We only prove the existence and uniqueness for fg“; the corresponding

results for ff&“ and fEH can be proved in a similar way. Since ([£I2d) is a linear

system in a finite dimensional space where the domain and codomain have the
. . . . . . n+1 n+1

same dimension, existence is equivalent to uniqueness. Let dfg"" € Vj be the

difference between two possible solutions to (ZI2d). Then
(4.16) (5]?“,100;52)Q = —At(x(5)§f§+1,wo;52)g Ywg € VO"H.

If wg = 6f5", then ||55f‘51+1||2LQ(Q) + At||5\/x(6)5f§+1||2Lz(Q) = 0, which implies
Sf&tt = 0. Therefore, the DG scheme ([IZd) admits a unique solution. The
uniqueness of (fr"', /i1, f&T1) and the equivalence established by Lemma
imply that Algorithm F1] admits the unique matrix solution (K"t Ln+1 gntl)

(]

Definition 4.1. We define the DG approximation fi' = f&*1 as the DLR-DG
solution, and the subspace VO"Jr1 as the DLR-DG space.

The L? stability of the DLR-DG solution f;:“ is established by Lemma [4.4]

Lemma 4.4. Suppose that Haf,?HLz(Q) < |lefPllL2(q)- Then the solution of the DG
scheme [@I2) is stable in the following sense

A 1
(4.17) lefi 2y < *Hlefoll L2 + r(l — " lenll p2(q),

where ¢ is given in (Z20).
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1212 P. YIN, E. ENDEVE, C. D. HAUCK, AND S. R. SCHNAKE
Proof. Setting wo = fi+! = “H see Definition in ives
g Wo S g

(18) (A AROfTL ) = (i ie)a + At i e)a,

which, with Cauchy-Schwartz, leads to

(4.19) lefrt 2oy < cllefillzzi) + cAtllen] rz ),
where ¢ is given by (220)). Applying [@I9) recursively gives
R N n+1 )
||5f;:+1||L2(Q) SCnHHEff?HL?(Q) + Atllen| 22 (o) ZCZ
(4.20) i=1

A 1
< e fpllo) + . (1 =" )len]l 2(q)-

min

Thus the estimate ([£I7) follows from (A20), the assumption on the initial data,
and the fact that ||ef||2(0) < llefollr2(a)- O

4.3. Convergence to the equilibrium distribution. The convergence result in
Proposition 2Z4[(ii) follows from the fact that the discrete equilibrium f,'fq is in the
trial space of the fully discrete full-rank DG scheme (ZI8]). However, for the DLR-
DG scheme, the space of trial functions may not contain the discrete equilibrium.
In this subsection, we provide additional conditions to ensure convergence of the
DLR-DG solution f,‘: to f;fq. We first evaluate the error between the equilibrium
solution f,'fq and its projection in the DLR-DG space and then investigate the
convergence of f,‘; to this projection.

The equilibrium solution of the steady state equation ([2I4]) has the form f,'fq =
X T (u)FEY (), where G(FE) = 0 and G is given in (3.7). Equivalently,

(4.21) FF = Lo(L,)"(A)™" and G = (F¥ - F)(A,)",

where the vectors Ly, L, and the matrix A, are given in Corollary The matrix
FE4 in (@Z])) is a rank-1 matrix that can be decomposed as

(4.22) FFI = yRagka(gEay T
where UFd € R™*1 EFEa ¢ R"*1 and SE9 € R are given by
(4.23)

UEq _ Ly Eq __ (AX)ilLVI

[ Loll’ ) (A

The vectors UEY and EF9 satisfy the orthogonality conditions (UF9)TUEY = 1 and
(EE)T A3 EB9 = 1, and the scalar SE9 satisfies the following estimate.

== [|Zollll(Ln) " (Ax) |4y -

Lemma 4.5. The scalar SE9 is uniformly bounded in the following sense:
(4.24) 1559 = lle i llz2@) < Xauin llenllz2 o).

Proof. Setting wy, = f,'fq in (2I4), it is easy to show that

1/2 ) _4E E
(4.25) Xm/m||5th||L2(sz < ||5X1/2th“L2(Q < ||577||L2(Q)~
A direct calculation using Lemma A gives ||e fF HLQ(Q = (FE“,FE‘T')A1 = |SEa?
which, when substituted into ([@2H]), recovers the estimate ([@24)). O
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DLR-DG 1213

Let fgq’“ be the projection of ffq onto the DLR-DG space V{' that is orthogonal
with respect to the inner product (,-;£?)q, defined in (2.8]), that is

(FS¥™ wn;e2)a = (fr% whse2)a Yy, € VP

Taking the test functions wy, = X T (u)U"S(E™)TY (), VS € R™" implies that the
. . Eq,n .
projection fs™" has an expansion of the form

(4.26) FE™ = X T (1) Pyn FE9 A Ppn Y (e) € V.

4.3.1. Projection error of the equilibrium in the DLR-DG space. The projection of

UE9 onto the columns of U™ is Py=UE := U™(U™)TU®9, and the projection error

is

(4.27) |USS = PynUSA|? = 1 — | Pyn US| = 1 = [(U™) TUS|1* € [0, 1].

Similarly, the (weighted) projection of EE9 onto the space spanned by the columns

of E"is Pgn A1 E®9 := E"(E™)T A1 E®9, and the (weighted) projection error is

(4.28)

| (E5)T — (BE)T Ay P |4, =1 — [[(B%) T Ay Ppa |4, =1~ [[(B™) T A1 E%4|2€ [0, 1]
Lemma and Lemma [£7] provide upper bounds for the projection errors in

#2]) and ([@Z10), respectively. Their proofs can be found in Appendix and
Appendix [C.2] respectively.

Lemma 4.6. Assume that for some constant 5 € (0, 1],

(4.29) | Py-UR|| > 8.
Then, for any § > 0 and any At > Aty = M‘){im ,
52 -
(430) L= E A Polh, < g |G — 5

Moreover, if f}; = f,sq, then for any At > 0,

(4.31) [(EE)T Ay Pguia]la, = 1.
Define the symmetric matrix

(4.32) PX=FE(ETAE)'ET.

Then PXA, is the orthogonal projection onto the column space of E with respect
to the inner product on R™ with weight A,.

Lemma 4.7. Assume there exists a constant o > 0 such that

(4.33) |(E5) T APy, >
Then for any § > 0 and any At > Aty = T1/52>g’111/§x7

Ea < 07 j(fn_ fEay2
(4.34) 1 — || Pyns: U] 5|55q|2 le(F2 — FED220-

Moreover, if f;: = f,sq, then for any At > 0,
(4.35) | Pyni1 UEY|| = 1.

Lemma and Lemma [£7 can be used to bound the projection error of the
equilibrium with respect to U"+! and E**!.

Licensed to Univ of Texas at El Paso. Prepared on Sun Feb 16 22:34:28 EST 2025 for download from IP 129.108.202.16.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1214 P. YIN, E. ENDEVE, C. D. HAUCK, AND S. R. SCHNAKE

Lemma 4.8. Assume there exist constants § € (0,1] and o« > 0 such that
| Pu«UE9| > B and ||(EF) T Ay Pgalla, > «. Then for any § > 0, there exists

P e
6Xmin, axf‘ﬂ/ii

(4.36) Aty = ? max {

such that when At > Atg,

(4.37) le(£6*" = Fr)llzz) < Slle(fi = Fr)lL2@)-
Moreover, if f}? = f;fq, it follows that for any At > 0,

(4.38) s = fha,

Proof. By ([#£22), Lemma [31] and Lemma [AT]

(4.39)

le(fRe = & N[22y = IF™ = Pynss FR Ay Ppon [,

= [SEI2||(I — Pyost)UR(E®) T + Proani UR(ER) T(I — A1 P ) |12,

= [SFP (I = Punsen ) US? + (| Pynsa US(ES) (I — Ay Pgosa) |3, ]

= S5 [(1 = | Pyns: US?) + [[Puns s US> (1 = [[(B59) T Ay Pt |3, )]

where orthogonality is used in obtaining the third equality.
By Lemma B8 and Lemma 7 (with & being replaced by 6/4/2), it follows that
when At > Atg, where Atg is given by Eq. (£30), the following estimates hold

52

(4.40a) 1 — || Pyann UR9|? < Wﬂg(ﬁ? - ffq)H%?(Q)v
52 A
(4.40b) 1-— ||(EEq)TA1PEn+1||?41 < Wns(ﬁz — fsq)”%z(g)a

which, when substituted into (£39)), yields (£37). Then (£38) follows from (£.39),
using (£31) and (£35). O

Remark 4.9. If ||Py«UB|| = ||(U™)TUBY|| = 1, then UBY = U™z for some vector
z € R™! and (@) implies that the K-step can be omitted for Algorithm E1] by
simply taking U"*! = U™, Then for any § > 0, there exists Aty = %, such that
when At > Atg, [@37) holds.

4.3.2. Convergence of the DLR-DG solution to the equilibrium. We estimate the
convergence of the DLR-DG solution f;:"'l to the equilibrium f}Eq. We first provide
a one-step estimate.

Theorem 4.10. Suppose the assumptions in Lemma 8] hold. For any 6 > 0, let
Atg be given in [E36). Then for any At > Aty,

(4.41) I/ = 1z < (e+8lle(f = frllao).

where ¢ is given by Z20) and 6, = (1 + %) 8. Moreover, if f;: = f,'fq, then for
any At > 0,

(4.42) fr+l — pFa,
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Proof. Since n(g) = x(¢) fF9(¢), the DG scheme ([I2d) can be written using ((EI1)
and (2I4) as

(443) (1 + Atx)f&H wnie?), = (Atxf,Eq + fg’ﬁwh;?)ﬂ Ywy, € Vit
Subtracting ((1+ Aty) fs¥" ! wy;e2)q from @EZ3) yields
((1 AR (A — 5N s 52)9

= (At = S5% ) + (5" = S5 wnie?)

Setting wy, = 3! — " € VM in [@Z4) and applying the Cauchy-Schwarz
inequality gives
(4.45)
|| ( n+1_ Eq n+1)HL2(Q < CH ( nok Eq n+1)HL2(Q +CAtH5X( Equn+1 }Eq)HL2(Q)7
where ¢ is given by ([220). By the triangle inequality and ({@43]),
1
le(fs™

(4.44)

flsq)HLQ(Q
(4.46) < le(fs™ = F5 ™ M n2 + le(£5*" = D)2
<clle(f§™ — Eq nH)HL? @) + (14 cAtxmax)le(fg s — }Eq)HLz(Q)~

Additionally, fg' and fgq’"H are both L? projections of f and f,fq onto Vgt
therefore

(4.47) le(f5™ = £6™ N2y < lle(fi = 2@
By (@46)), (£41), and Definition FT] the stability estimate follows:

E
||5( it th)||L2(Q)

r E Xmax E 1 E
<0Mﬁ—th@+( L )HH"+ I -

min

(4.48)

If At > Atg, then (@3T) holds and, when substituted into (£48), gives [@AI). If
fir = f59, then @38) and @E3R) imply @EZ2). O

Remark 4.11. To obtain the one step projection error estimate ([£41]) in Theo-
rem [E10, we can set 8 = ||Py«UB9|| in Lemma L6 and o = ||(EF) T A, PX, |4, in
Lemma L7 and these values can be calculated from 7 and y. For the multi-step
error estimate, a and 3 are determined by the initial bases U° and E°, as described
in Theorem These conditions are numerically computed in Example

Unlike the full-rank case, the one-step estimate in Theorem [Tl cannot be triv-
ially extended to a multi-step estimate. This is because of the disconnect between
the conclusion of Lemma and the hypothesis of Lemma 7] which bound the
projection with respect to the A;- and A,-inner products respectively. In order
to bootstrap the one-step estimate further, we require Lemma which controls
[(EENT A, PX.[la, by |(EE)T A1 Pgnlla,, where PYX, is defined in (Z32). This
estimate depends on in“‘, the weighted condition number of A,.

Lemma 4.12. For any « € (0, 1), there exists v* € (a, 1), dependent only on %

and «, such that if E € R™*" with ET A1 E = I, and ||(E®) T Ay Prlla, > ~*, then
I(E5) T Ay PEla; > o
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Proof. Decompose EF9 as
(4.49) Ef = Br9 4 E5°
where Ey Bq — = PrA; E®9 is the orthogonal projection of EF9 onto the column space

of E and ES% = P Ay E9 is the orthogonal complement satisfying ||(ET N2, +

||(E2E°')-'_\|A1 = 1. Since PXA, is also a projection onto the column space of E,

(4.50) PXA ES = B
Suppose [[(Ex) T[4, =t v € (o, 1]. By Lemma [C5]
XmaX Xmax
(4.51) 1B TAPEIG, < T2 IED TR, = (1 -7 7"
X X

By (#49), (£50), (E5T), Holder’s and Young’s inequalities, for any 7(v) € (0,1),
|(E=)T A PRI,
= I(EL) TAPY + (B3 TAPHI, = I(Bf)T + (B3%) T AP,
= (BE) I, + NS T AP, +2 ((BE) T, (BS) T A PY)
1

(4.52) 1
> IES)T I (1= 7)) + [[(ES) T AL PYIR, (1— W)
2= ) + (=R (1o ) o),

Let 7(7) = (1 O‘—z) Then for every v € (o, 1], 7 satisfies 0 < 7(y) < 1 and

5
1—7(y) =3+ Sz > &z Since g is continuous at v = 1 and g(1)=1-7(1) > a?,
there exists ~* E (a, 1), dependent on o and >><<m?X’ such that for any +* < v < 1,
g(v) > a?. Therefore by ([52) the result follows. O

We now have the following multi-step estimate.

Theorem 4.13. Assume there exist constants € (0,1) and o € (0,1) such
that ||PpoUR|| > B and |[(EF) T A PXolla, > . Let v* € (a,1) be given in
Lemma T2 Then for any

(4.53)

0 < ¢ < min {(1 —c) <1 + Xmax) b V20— max{y, B e fi ez o) }

i R E
Xmin ||E(f}(l) - hq)||L2(Q)

and Aty given in Theorem L0, when At > Aty,

(4.54) le(Fi™ = frllzzi) < (e 00" M e(fi = fi)llz@ Yo =1,

where ¢ is given by 2.20) and 6, = (1 + ’)2‘{‘;—“;‘) 0. Moreover, if fg = f;fq, then for
any At > 0, f“"'1 Eq.

Proof. We prove the result by the method of induction. For n = 0, ([{354) follows
from the one-step result in Theorem 10 see (Z4T1]). We assume that ([£54) holds
for some n > 1, that is

(4.55) le(Fr = FiD N e2) < (c+ 80 el — D 2@
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By @), (c+38,) < 1 thus 2/ — FE) e < (2 = FE)llz2(q. Then for
n+ 1, the bounds in (@40), the fact that |SE9| = ||ef EqHLZ(Q) (see Lemmal[4.F), and
the deﬁmtlon of ¢ in (@53) imply that

52

E
RIS

52

E
20 TE ey
By Lemma T2}, ([56D) implies [|(EF9) T A, PX... 4, = a. Therefore, the one-step

estimate (£L.AI) holds. The estimate (M) then follows from #41) and (]EE])
Finally, if f = f;%, by @22, fi' = fr=...=f) =

5. NUMERICAL RESULTS

(4.56a) | Pyt US9)2 > 1 — le(fr = FEDZ ) = B2

(4.56b)  [[(B5) T A1 Ppasa |3, > 1~ le(fi = e = (V)™

In this section, we present numerical examples to validate our theoretical find-
ings. For all the numerical tests in this section, we construct initial data F (0) =
USO(E®)T € M, for Algorithm A1l by applying the generalized singular value
decomposition (GSVD) [1] (Algorithm [B:2)) to F(0), followed by truncation.

Example 5.1. In this example, we test the performance of the dynamical low-rank
DG scheme in (£12), or Algorithm ] by comparing with the full-rank DG scheme
in (ZI8). We let emax = 1, and set the opacity x(e) = 4 + % and the emissivity
n(e) = fF(e)x(e), where

1
5.1 Ea
(51) 79 =
is the rank-1 equilibrium distribution. With initial data f(u,€,0)= #—i—m,
the exact solution to (2.2)) is
1
(5:2) flu,et) = X

e2+1 i M2+52+1/26
We use Qs polynomials for all the tests in this example.

To establish a baseline, we first test the spatial and temporal accuracy of the
full-rank DG scheme in ([2.I8) with N = N, = N, cells in each direction. Errors at
t = 1 are shown in Figure The convergence rate of the full rank DG scheme
[2I8) is first-order in time (as expected with backward Euler time stepping) and
third-order in phase-space (as expected with Qo polynomials) until saturation due
to the temporal error. Errors at ¢ = 10 are shown in Figure In this case,
the phase-space convergence rate is still third-order for sufficiently small At, but
the temporal accuracy is super linear due to the fact that the solution is very near
the time-independent equilibrium distribution. Thus the error follows the bound
in ([2.21]), which decreases geometrically.

Second, we show the evolution of the rank of the coefficient matrix F™ for the
full-rank DG scheme (2.I8]), using a mesh with N, = N. = 160. The numerical
rank is calculated with the Matlab function rank(F™, 10712), which returns the
total number of singular values of F™ that are larger than 10712, The results with
different time steps are plotted in Figure 2{a). We observe that the numerical rank
of the coefficient matrix decreases from r = 9 at the initial condition to r = 1 as
the solution approaches equilibrium.
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q
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10 A =10
- - At=10"°
8 ——At =106
10" fl-e-At =107
— o N3 12
. 10 . .
10" 10? 10" 10? 10°
N N
(a) Errors at t =1 (b) Errors at t = 10
FIGURE 1. Error, [|e(f — f})llz2(q), for the full-rank DG scheme in (2.I8)
versus number of elements, N = N, = N, for two different time step sizes.
The scheme uses Qs polynomials in phase-space and backward Euler time
stepping. In each panel, the solid lines without symbols are reference lines
proportional to N3,
—— Alt =102 oF---- - - rank=1
- - At =103 10°F \h‘\\ —-—-rank=2 |}
——At =104 - S~ ——rank=3
—— At =107 af T h% —o-rank=4
107 it ——full rank|]
£
E
& 10
108
p
-10 L
10
8 10 10° 10
t t

FIGURE 2. (a) Evolution of the numerical rank for the coefficient matrix F"
of the full-rank DG scheme, plotted vs. time using various time step sizes.
(b) Weighted L? errors of the DLR-DG method (using r = 1, 2, 3, and 4)
and the full rank DG scheme ([2.I8)) relative to the exact solution versus time,
using At =107* and N, x N. = 160 x 160.

Third, we solve (22]) using both the DLR-DG scheme in Algorithm 1] and the
full-rank DG scheme (2I8]). The purpose of this test is to compare the DLR-
DG solution with the solution of the full-rank DG scheme (ZI8)) as the rank r in
Algorithm BTl increases. The L? errors of the numerical solutions are plotted in
Figure[2(b). These errors decrease as the rank r increases. In particular, Algorithm
Bl with » = 3 and time step At = 10~* produces numerical solutions that are
practically identical to that of the full-rank scheme (2I8]). All low-rank solutions
eventually give accurate equilibrium approximations.
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8% --—-rank=1 || —-—-rank=1
10 - - rank=2 - - rank=2
—+—rank=3 10} —+—rank=3 |3
—o—full rank —o—full rank
—x T~ — o T2
5 & 108
= g 107
= 10710¢ =
10710}
3
-12 -12 " "
10 10
108 1010 10'2 102 10* 10°
T T

FIGURE 3. Weighted L? errors of the dynamical low-rank DG method (with
r =1, 2, and 3) and the full-rank DG scheme relative to the exact solution
versus final time T, computed with one time step (with At = T'; left panel)
and two time steps (with At = T'/2; right panel)

Fourth, we test the convergence of the dynamical low-rank DG solution and the
full-rank DG solution to the equilibrium with one time step At =T, and two time
steps At = T/2 for some final time 7. The L? error of the numerical solution
as a function of T is plotted in Figure Bl The results show that both algorithms
converge up to discretization error, and the convergence rates of both algorithms
to the equilibrium are equal to the total number of the time steps (i.e., oc T~}
for one step and oc T2 for two steps), which is consistent with the theoretical
results of Theorem T3] regarding the low-rank scheme, and Proposition [24](ii),
regarding the full-rank scheme. The L? error saturates for large T, when it becomes
dominated by the projection error of the equilibrium (around 10712).

Finally, we test the convergence of the dynamical low-rank DG solution and the
full-rank DG solution to the equilibrium after n steps, using two different time step
sizes: At = 2 and At = 10. We show the L? error between the numerical solution
and the discrete equilibrium qu versus n in Figure [l The results show that both
algorithms converge with convergence rates equal to the decay rate ¢ = m =
ﬁ (i.e., oc 97! for At = 2 and o 417! for At = 10), which is consistent
with the theoretical results of Theorem I3l regarding the low-rank scheme, and
Proposition 2-4((ii), regarding full-rank scheme.

Example 5.2. The purpose of this example is to demonstrate how the condition
given in Theorem affects the convergence of the DLR-DG solution to the
equilibrium. We solve (Z2]) with the same parameters as in Example Bl but with
Q; polynomials and different initial conditions. The equilibrium is given in (5]
and is independent of the initial data.

To construct different initial conditions, we first prepare some basis functions.

(i) Let K° = [UBq, (70], and L? = [EEq,EO], where UE9 EE9 are given in (ZZ3),
and U° and E° are rank-2 matrices, computed from Algorithm ] using the
initial data from Example B.11

(ii) Perform a QR factorization to obtain K® = U°RY,, where U° = [U®, U3, UY)].

(iii) Perform an A;-weighted Gram-Schmidt decomposition to obtain L= E°RY,
where E° = [EE9, (9, E9].
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FIGURE 4. Weighted L? errors of the dynamical low-rank DG method (with

r =1, 2, and 3) and the full-rank DG scheme relative to the exact solution

versus the total number of steps n, computed with (At = 2; left panel) and

(At = 10; right panel). In both panels, we compare the numerical results with
1

the predicted decay rate ¢ = 1 =

1+AtXmin 1+4At"
. o UEq+UO - EEq+EO
iv) Generate U = —=2-and F = ————-2—.
(iv) |UBa+03 || | EEa+ES | ay

(v) Perform an A,-weighted Gram-Schmidt decomposition to obtain L° = E°RY,,
where E0 = [EEq, Eg, Eg] Then perform an A;-weighted Gram—Schmidt de-
composition to obtain [EY, E9]=[EY, EJ|RY,. Here, we expect | (E;-))TAXEE" I
to be close to zero for j = 2, 3.

Test Case 5.2-1. We use these different matrices to construct the various initial
conditions given in the second and third rows of Table [[, with S° = 1. We solve
[22) with rank-1 initial conditions given in Table[I], using Algorithm LTl with r = 1,
Q1 polynomials, and a mesh size of N, = N, = 160. We show the one time step
(At = T) convergence of the dynamical low-rank DG solution to the equilibrium
in Figure In Table [[l we show the initial basis U° and E°, the values in
E29) and ([E33), whether the assumptions of Theorem 10 are satisfied (v/) or
not (X), and whether the scheme converges to the equilibrium (C) or not (NC). For
Cases (a)-(c) in Table [T, the conditions for convergence in Theorem are not
satisfied, and the corresponding solution in Figure does not converge to the
equilibrium. Case (d) is a special case that is addressed in Remark X9l Specifically,
[(EF)T A PXo| , is zero (to algorithmic precision) and hence does not satisfy the
associated condition in Lemma However, because HPUo U EqH = 1, the corre-
sponding numerical solution in Figure still converges to the equilibrium with
a first-order convergence rate. Cases (e)-(f) satisfy the conditions of Theorem 10,
and, as expected, the corresponding numerical solutions in Figure converge
to the equilibrium solution with a first-order convergence rate. All these results
indicate that the conditions given in Theorem 10, or Remark [£.9] are sufficient to
determine the convergence of the one-step DLR-DG solution to the equilibrium.

Test Case 5.2-2. Though the conditions for convergence in Theorem FT0 are not
satisfied for Cases (a)-(c), the initial bases can be manually adjusted to yield a
convergent algorithm. In the following, we take Case (a) in Table[[l as an example
and show how to modify Algorithm [£1] such that the solution converges to the
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TABLE 1. Initial bases for Algorithm 1] used in Test Case 5.2-1, the values
for the conditions in (£29]) and (£33), whether the conditions of Theorem F10]
are satisfied (v/) or not (X), and the observed numerical behavior: Convergence
(C) or no convergence (NC)

Case (a) |Case (b)| Case (c) Case (d) Case (e) |Case (f)
U° Uy Uy U Ut U Ut
E° E3 E E3 E3 E B
[ PyoU™] 0 0 V2/2 1 V2/2 1
[(E™) T A P, |4, [1.7699€-15 1 1.7699e-15| 1.7699e-15 | 0.7119 1
Theorem (.13 X X X v (Remark [£.9) v v
Figure [Bl(a) NC NC NC C C C

R
&
+
-

Error

6 > (a) —e—Case (e)
107 F|-a—Case (b) ——Case (f)
—=Case (¢) — o T!
—+—Case (d)
8 - .
10
10 10* 10°
T
(a) Example Test Case 5.2-1 (b) Example Test Case 5.2-2

FIGURE 5. The weighted L? errors between the dynamical low-rank DG so-

lution and the equilibrium solution based on Q; polynomials and N, = N, =
160

equilibrium. (Similar modifications can be applied to Case (b) and Case (c).) To
achieve convergence, we increase the rank to r = 2 and append the basis such that
the conditions in Theorem 10 or Remark are satisfied. Let x and y be scalar
parameters (not both zero), and define the functions

zUE  yUY
=T + yUS|

EEq E'O
and E(z,y) = x R

5.3 Ui(z,y) = = - )
(53 Uiley) [eE% + yE9| o,

Then {U9,U, (x,y)} and {EY, E,(z,y)} are orthonormal and Aj-orthonormal
bases, respectively.

We use U, and E to generate different initial bases for Algorithm 4T} these are
listed as Cases (a1)-(az) in Table 2l Case (a4) is different: we randomly generate
the basis functions by calling randn((k + 1)N,1) in Matlab and apply the QR
decomposition followed by an Aj-weighted Gram—Schmidt decomposition to obtain
the random basis functions Uyang and Erand, respectively. We set S° = diag(1,0),
so that the initial matrix F° is unchanged after the basis enrichment.

The results are shown in Figure from which we see that after adding an
additional component to the original bases, all of the initial conditions satisfy the
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TABLE 2. Modified bases and the corresponding values for the condition in

[E29) and (E33)

Case (a1) Case (az) Case (a3) Case (a4)

U° U9, UL(L,D)] | [U2, UL(1,0)] | [U3, UL(0.1,10)] | [U3, Urand]

E° [Eg7 El(la 1)] [Ega Ey (07 1)] [E(Q)v UL (0‘17 10)} [E& Erand]
| PyoU™| 0.7071 1 0.01 0.1601
[(E5)TA,PX, |, 0.7046 3.0119e-13 0.01 0.0869

conditions in Theorem IO, and consequently converge to the equilibrium. In
addition, we also repeated Case (a4) for more than 1000 times with different random
basis functions, and observed that all converged to the equilibrium. This is not
surprising as the probability of drawing a random vector that is orthogonal to the
equilibrium is very small.

6. CONCLUSIONS

In this paper, we have proposed a semi-implicit dynamical low-rank, discontinu-
ous Galerkin (DLR-DG) method for a space homogeneous kinetic equation with a
relaxation operator that models the emission and absorption of particles by a back-
ground medium. We have derived a weighted dynamical low-rank approximation
(DLRA) that is consistent with the matrix differential equation of the DG scheme.
A semi-implicit unconventional integrator (SIUI) is used to integrate the DLRA,
and we show that the solution is identical to the solution of a DLR-DG scheme in
a DLR-DG space. We have shown the well-posedness of the fully discrete DLR-DG
scheme and identified a sufficient condition on the time step size, together with con-
ditions on the DLR-DG basis, such that the distance between the DLR-DG solution
and the equilibrium solution decays geometrically with the number of time steps.
Numerical results show that the DLR-DG solution is comparable to the full-rank
DG solution and converges to the equilibrium solution when the bases satisfy the
conditions of the theory.

In future work, it would be interesting to apply the proposed DLR-DG method
to more general kinetic equations, e.g., that model scattering with a background.
Then, in addition to the properties stated in Proposition 2.4l for the kinetic equation
modeling emission and absorption, the conservation of particles in the scattering
process should be captured. It may be challenging for the proposed DLR-DG
scheme to conserve particles, but extensions inspired by ideas proposed in [5l[18]
may be fruitful. We will investigate this in future works.

APPENDIX A. SOME USEFUL MATRIX RESULTS

From Lemma [ATlto Lemma [A3] we assume that m, n, and r are some positive
integers satisfying r < min{m,n}. If A € R"*™ is a symmetric and positive definite
matrix, then Cholesky decomposition implies that there exists a nonsingular matrix
C € R™"™ such that

(A1) A=CTC.
Lemma A.1. For any matrices A € R™*" B € R"*" and D € R™*™,
(A.2) (AB",D), = (B",A"D), = (A,DB);.
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Lemma A.2. Leta € R and b € R be constants satisfying 0 < a < b. Suppose
D e R"*"™ s a symmetric positive semi-definite matriz with eigenvalues {\;}1,
satisfying a < A\; < --- < A\, <b. Then for any nonzero Z € R™*"™,
(ZD, Z)r

A3 a< X — " <.
( ) N (Za Z)F -
Proof. For any nonzero z € R"*!, the Rayleigh quotient satisfies

(Dz2)  (:7DT,27)
A4 < = <b.
. ENCE I CUE I
Set ZT = [21,...,zn] where each z; € R"*1. Then
(ZD,Z)p _ 2j-1(Dzj, %))
(Z,2)r  Xjli(2,2)

which gives (A3) by applying ([(A4) to each term in the sum of the numerator. [

(A.5)

Lemma A.3. Let A € R"™ ™ be a symmetric positive deﬁm'te matriz. Suppose

D € R™"™ with eigenvalues {\;}7, satisfying a < Ay < --- < X\, < b. Then for
any Z € RM*m
(A.6) 0<(ZD"A,ZD")p <V*(ZA, Z)p.

Proof. Let (A, q) be an eigenpair of the matrix D so that Dg = Aq. If ¢ = Cq
for C given in (A, then CDC~'¢’ = A\¢, which implies that X is also the
eigenvalue of the matrix CDC~! and that the symmetric positive-definite matrix
(CDC~YH)T(CDC™1!) has an eigenvalue A2 € [0,b?]. Let Z’' € R™*" be any matrix.
By Lemma [A2] we have

(A7) 0<(Zz(cpcHT(Ccbo™, 2" <v*(Z2',Z')y,
which can be reformulated as (A:6) by taking Z’ = ZCT. O

APPENDIX B. SOME USEFUL ALGORITHMS

Motivated by [I], we introduce the generalized singular value decomposition
(GSVD) and the generalized QR factorization (GQR). Let S’} , be the set of n x n
symmetric positive definite matrices.
Algorithm B.1 (Matrix square root). Input: Ay € S, . Qutput: Ali% eSS,
o Apply the eigen-decomposition (svd in MATLAB) to Ay and obtain
(B.1) Ay = DADT,

where ® satisfies TP = I and A = diag(Ay, ..., \p) with A\; > 0.
o Compute Az = dlag()\ 2 ,)\fa),
o Compute the symmetric matrix A P = PALz DT,

Algorithm [B1] gives

11 11 1o
(B.2) Ay =AF (AT = AjA;, AJA =1,
1

Algorithm B.2 (GSVD). Input: F € R™*", AfQ € St ., r <min{m,n}. Out-
put: U € R™*" S € R™*" and E € R™*".
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1
o Apply the SVD decomposition to FA; and obtain

(B.3) FA? =USET,
where U satisfies
(B.4) U'u=1,,

and E satisfies ETE=1,.
1.
o Compute E = A, *E.

Algorithm gives the GSVD

(B.5) F=USET,
where U satisfies (B4) and F satisfies
(B.6) ETAE=ETAP Ay A F = 1,

+

Algorithm B.3 (GQR). Input: L € R"*", AT? € §" . Output: E € R,

1

o Apply the QR decomposition to A7 L and obtain
(B.7) A’L = ER,

where E satisfies ETE =1,.

_1 4

o Compute E = A, *E.

Algorithm [B.3] gives the generalized QR factorization
(B.8) L =FER,
where F also satisfies (B.6]).

APPENDIX C. TECHNICAL PROOFS

In this section, we present the proofs to some lemmas. For any nonzero function
wp, = X T (W)WY (g) € V}, for some nonzero W € R™*"_ let

(xwn, wn;e*)o (WA, W)p W%,
(wh, w2 (WALW)r W3,

(C.1) Ry (wn) =

Lemma C.1. Let my be an integer satisfying 1 < mq < m. Then for any nonzero
matriz Z € R™M*™

o) LN

. min _‘|Z‘|?41 — max-
Therefore if X is an eigenvalue of the matriz (A, )" A1 or A1(Ay)™, then
(C.3) Ximax <A < Xomin-
Proof. A consequence of Assumption 2I]is that
(C4) Xmin S Rx(wh) S Xmax-

The inequality in (C2) follows from setting w;, = X " (u)WY(g) in (C4), where
WT =[2Z7,Z]] and Z; =0 € R"=m)x"_ TInverting (C2)) gives

1Z]1% 1
(C.5) Xl:l’lx > = < Xmin
= < 7],

for all nonzero Z € R™1*"™,
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The inequalities in (C.3)) follow immediately by setting Z " in (C.H) to be an eigen-
vector of (A,) 1 A;. O

C.1. Proof of Lemma We will first need a rather technical lemma.
Lemma C.2. Let E¥9 € R™*' By = [by...,b,] € R™¥", and | = [ly,...,1,] be

a nonzero vector, where b; € R" ! and I; € R for i =1,...,r. Assume that the
matrix

1 1
C.6 L = | ER 4+ —by, - LE5 4 —b,| e R™XT
(C.6) 1 + Aol + A7
has a decomposition L' = EMH1GAHL yip Ertt = [E{H'l, -+, EMY satisfying
E3). Then

Eq\T 2 n+1\T Eq(|2 ||BT—-4|—||?41

(0-7) 1- ”(E ) A1PE“+1||A1 =1- ||(E ) A E || < W

Proof. Aslong as ([{3) holds, (C7) is independent of the choice of basis for the span
of L"*1. Hence without loss of generality, we assume a weighted Gram-Schmidt
decomposition:

L;;1+1 _ Z;;ll ((L$+1)TA1E;+1) E;Jrl
\/(L?+1)TA1L?+1 _ Zifl ((L?+1)TA1E;+1)2

Jj=1

(C.8) EMt =

where L;“H =,ER 4+ ﬁbi. Then
((BS0)T 4y E}1)?
((B=) T AL = S ()T AL () T4, )
©9 - (LI TALE ! = 300 (L) T 4By )

(L€ )’
2€ + L (2ha; + L72)

where
i—1
ai = (BF) T Ayb; = Y ((BF) T ALEF (B3 T Agh),
j=1
i—1 2
vi= b Arb; = > (b ALETT? |
j=1
(C.10) 1
i—1
&= | (B5)TALER =) ((BF) T A, E}T)?
j=1
i1 3
= 1= (B5) T A B2

Jj=1

are all nonnegative. We extend the orthonormal basis E;H from1 < j <rto
1 < j < n. Then EF and b; in ([CH) can be expressed in terms of the basis
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functions {E“H} ', as

(C.11) ER = (BR)TAEFDEN, b= (o] AAEJTHETT,

j=1 j=1
which implies

n n
(C12) =0T AET? &= 3 (BT A B

Jj=i j=i
and
(C.13) a; =Y ((E5) A EF T (B3 T Aqby).

j=i
Therefore, we have
1 1
n 2 n 2
2

(C14) o] < Z ((B)TA EnH) Z((E;H)T/hbi) )| =&

By (CI1) and (CI2), it follows that
(C.15) 77 < bf Axb; < (BgAv, BL)e = |[BL |4,

Meanwhile, the direct calculation gives
(C.16) (B TALER? = Y (E%) T AL B2,
j=1
Choose ¢ such that 1 < i <7 and |l;| = ||l||oc = maxi<;<,|l;|. We consider the
following cases.

Case 1. If 1,62 + al =0, that is €2 = A"tll = A‘(tlfl,li\’ then by (C14),

(C.17) <6< g

which together with (C.I5) and (CI8) implies that
(C.18)

2 _IBL
1 — I(E™NYT A, EE912 < 1 — FEENT A, Brt1)2 — ¢2 < Vi~ LA,
H( ) 1 H = ;(( ) 145 ) gz = At2li2 = At2||l||§o
Case 2. Now we consider ;€2 + ﬁai # 0.

Case 2.a. If & = 0, then

i—1
(C19) 1 [(E™)TAESR <1 3 (BT 4, B3 = ¢k =0,
j=1

Therefore, the inequality (C.Z) holds.

Case 2.b. If & # 0, we consider two cases:
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Case 2.b.i. If 4; = 0, then by (CI4), o; = 0. By (C9), ((EF)TAEMY)? = €2,
which implies
(C.20)
A
L= (B T ER? < 1= ) (BF)TAET)? = & — (B5) TALE]H)? =0,

j=1
Therefore, the inequality (C) still holds.
Case 2.b.ii. If 7; # 0, by (C.I4) there exists a parameter 7 € [—1, 1] such that
(C.21) o; = 7.
Substituting (C21)) into (C9) and rewriting yield
(L& + ﬁT%‘)Q
(L& + A%T%‘)Q + ﬁ(l —72)7?

i—1
=& —g(r) = 1= (B*)TALE}*)? —g(7),

j=1

where we have used (CI0) for the third equality and g : [-1,1] — R is a non-
negative and differentiable function given by

((BE) T AL B2 =¢
(C.22)

& a1 =707
. :
(L€ + 2gmv) " + @z (L= 7277

(C.23) g(T) =

We wish to maximize g on [—1,1]. Since g(—1) = g(1) = 0, we solve for the
critical points 7* satisfying
2 ¢2.2 1 1
—anz&ii (lifz' + ET%‘) (Tlifi + E%)
(C24) g(r) = — P 7 =0
((li& +a:m%) + @l - 72)%‘2)

Since & # 0 and (L;£2 + ﬁai)Q =& (L& + ﬁryi)z £ 0, it follows that [;&; +
;77 # 0. Therefore, the only critical point for (C24) is 7% = —mig € (-L1).
Plugging in 7* into (C23)) yields

i v
2 < _ v _ i
(€29 9(r) < g( Atligi) At21?
Therefore (C.22)), (C25), and (CIH) imply
(C.26)
1—[[(EMYTAER2 <1 — i((EEq)TAlE‘.‘“)Q _g(r) < 00 1By, I1%, .
I J A2 T A%

O
Next, we present the proof of Lemma

Proof of LemmalL6l Start with (AI2Dh), which is equivalent to finding L™ €
R™*" such that for any Ly, € R™*",

(C.27) (U“ (DL T 4y, U“LJV)F — (GU L)), ULy, .
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Set Ly = (A,) 'L{;,, where L}, is arbitrary, into (C217). Then use ([£21]) for G,
and apply Lemma [A.T}

(€28) (D™ Ax(A) L (Ty)T) = (O FE = @7, (14)T) .

Since Lj; is arbitrary, it follows that

(AT AL

<In + L(AX)1A1> Ln+1 _ (FEq)TUn + N

At

1 _ | _
= (T (0740 ) (FR)TU" 4 (40 (20 - ()T,
which gives
(C.29) L (FEY T 4 L
At

where

By = Dy, (L — (FF)TU") e R™,
(C.30) 1 -1

Dy, = (I-‘r— A_t(AX)_1A1> (AX)_lAl e R™x™,

Because U™ is orthogonal and UM(L™)T = U"S™(E™)T = ™, it follows that
ILM)T = @) TFS gy = |7 = UNU™) T FE |y < |[F™ = 5 g,
= ||5(JE/;1 - f}sq)||L2(Q)~

Any eigenvalue Ap, of the matrix Dy, can be expressed in terms of the corresponding
eigenvalue X of (A4,) "1 A4; as follows

(C.31)

A

1
C.32 Ap. = = )
( ) o 1 Alt A % Alt

Therefore, according to (C3), Ap, satisfies
1 1 1

(C.33) 0< —— <Ap, < <
Xmax T ﬁ N Xmin + ﬁ Xmin
Together, (C.31)), (C:33), and Lemma [A23] imply that
1 .
(C.34) IBLIG, < et = il

Let SEI(UE)TU™ = [Iy,...,l,] =1 € RY" for scalars [; (i = 1,...,r). Using (E22),

(C29) becomes
1
(C.35) L™ = ERagBa(yE) Ty 4 i

1

1
By, = |l;EF by,...,L,EF+ —b,|,
L 1 +At 15 3 +At

where b; € R™ (i = 1,...,7) are the column vectors of Br,. Combining Lemma [C.2]
and the bound in (C34) gives

B{ |12 ||s(f;;— }Eq)HQL? Q
. L ()T AR < LB -
(C.36) IET) BRI < S < —Apfizae,
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For [, it holds
(C.37)
SEa| (U™ TUEa SEA||| Py UES SEa
Vr Vr vr
where the first inequality follows from the norm equivalence, and the last inequality
follows from the assumption in (29). Thus, if At > W\/f‘m’ the estimate ([Z30)
holds. .
The equality (31) follows from ((236) when f = f9. O

C.2. Proof of Lemmal4.7l Similar to LemmalC.2] we prepare the following result.
Lemma C.3. Let UF € R"¥! Bx = [by...,b,] € R™*" and | = [Iy,...,l,] be

a nonzero vector, where b; € R™*! and l; € R fori = 1,...,r. Assume that the
matric
1 1

C.38 K" = WU + —by, - LUS + —b, | € R™*"

(C-38) VA Ta] ©
has a decomposition K"+ = UrHLSE! with U™+ = [Uf"'l, - UMY satisfying
E3). Then

(C.39) 1— || PyanUS)? =1 — |(U™H) TUR? < 1Bl

' y ~ AR

For any E € R™ " satisfying £ A1 E = I,., because the term E " A, E will appear
frequently, we introduce the symmetric matrix

(C.40) B=FETAEcR™",
for which we have the following results.
Lemma C.4. Let (Ap,qp) be an eigenpair of B in (CA4Q). Then

T2
(Eqp)"AyEqs  II(Eqs) 4
C41 Xmin < A = = = < Xmax-
(ca ? = Bap) ABas (BT, = ™
Proof. It (Ap,qp) is an eigenpair of B, then
(C.42) ETA,Eqp = Bqp = \gqg = \pE ' A1 Eqp.

Left-multiplying (C42) by q5 and applying (C2) with Z = (Eqp)" gives (CAI).
O

Lemma C.5. Let E € R™*" satisfy ET A1 E = I, and recall the definition of Py
from @32). Then for any Z € RP*", 1< ¢ < m,

min

Xmax
(C.43) 124 Pgllay </ 1Zllas-

Proof. Recall that A, is symmetric and positive definite, and thus can be decom-
posed as A, = C’;CX where C,, is nonsingular. Let D, = C’XEB’l, where B is
given in (C4Q), and compute

(C44) (|1 ZAPElla, = 1IZAEB ™ p < 1ZC [p|CxEBH = 1 Z]|a, I DxlI-
Since || Dy||? is the largest eigenvalue of D) D, and

(C.45) D;Dy=(B "' E'C/C,EB'=B"'BB'=B"",
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1230 P. YIN, E. ENDEVE, C. D. HAUCK, AND S. R. SCHNAKE

then (C4]) implies || Dy || < X;ilf, which along with (C44)) and ([C2) yields (C43).
]

Next, we present the proof of Lemma 71

Proof of Lemma[7 The proof follows along the same lines as the proof of
Lemma @IZa) is equivalent to finding K"t € R™*" such that for any
Ky € }Rmxr7

(C.46) (DK"THE) AL Kw (E™) ), = (GKHE"T), Kw(E")T)
Applying [2])) and Lemma [AJ] to (C48) gives

F-

(C.47) (DK™ Ky, = (FFAE" - K"H(EY)TAE" Kw),, .
Let Ky = K, (B")~! for any K}, € R™*", where B" = (E")" A, E". Then
(C.48) (DK (B Ky ), = (FFAEYB") ™ K" Ky ),
Since K, in arbitrary, it follows that

1
(C.49) K" = FRiA EM(B™) !+ ~7 B
where

By = [b1,...,b] = (K" — F¥A E"(B")"') Dx € R™*",
(C.50)

ny—1\ —1
DK — (Bn)fl (Ir + (BA)t > c R7XT.

Since K" = U"S", we can write

(C.51) K" — FRAEY(B") ' = (F" — F*) A,E"(B") "
By (CXEI), Lemma [A2] Lemma [CH and Lemma B.1]
(C.52)
K" — FEAEY(B") Hr = || (F" — F5) AP |4y
Xmax Xmax A E

S\ S 1 =5, =[2G = £l
Any eigenvalue A\p,. of Dk satisfies

1 1 1
(C.53) 0< ——5 < Apk <

Xmax + Az Xmin + A7 Xmin

Then, by (C52), (C53), and Lemma [A3]

Xmax r E
—le(fy — th)||L2(Q)-

min Xmin

(C.54) | Bk|le <

Let SEI(EE)TA, EYB")"t = [l1,...,l,] € RY*" for scalars [; (i = 1,...,7). By
22 and (C9),

1
Kn+1 — UEqSEq(EEq)TAXEn(Bn)—l 4 _BK
At
(C.55) e 1 e 1
- [le b LU+ b

Licensed to Univ of Texas at El Paso. Prepared on Sun Feb 16 22:34:28 EST 2025 for download from IP 129.108.202.16.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



DLR-DG 1231

where b; € R™ (i =1,...,r) are the columns of Bk. By Lemma [C.3 and (C54),

Bx |3 X 7 E
) 1— n+1\TrrEq) 2 || KirF max n _ rEqy2 )
(C 56) ||(U ) U H = AtQHZHEO = AtQHZHQ 3 ||€(fh fh )||L2(Q)

oo Xmin
By the assumption (£33)) and the fact that
I(B™)~H(E™) T A B = [|(E*) T Ay P |y
(C.57)
— 1GEal|[(BM =1 (™ T A FEa SRS T Ay Pralla, oS5
1Ulleo = [STUIB™) ™ (E") " Ay |00 > :
x NG S

Y%

1/2
Thus, if At > %, estimate ({.34)) holds.
[e3

min

The equality (Z35) follows from ((256) when f = f9. O
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